Week # 07

PdDerivative Of trigonometric Function
)l Derivative Of Inverse trigonometric Function

Derivative Of Trigonometric Function :-

d, .
1. &(smx) = coSX
= (cosx) = —si
. 4 (cosx) = —sinx
i(tcmx) = sec’x
Todx
i(cotx) = —cose’x
Todx

d
. &(secx) = secx.tanx

d
6. &(cosecx) = —cosecx.cotx

P roof:-
1. Show that % (sinx) = cosx by using first principle Rule.

Sol: —

Let f(x) = sinx

Let f(x + Ax ) = sinx + Ax —> (i)

dy _ I f(x+Ax)—f (x)
-~ = |jpy —=——— 2~
dx Ax—0 Ax

» (iii)

Put —» (i) and —ii) in 1. sinA —sinB =
(A+B) . (A-B)
2cos - St .

dy . sin x+Ax —sinx

dx Ax—0 Ax
“A=x+Ax , B= x
2. coSA — cosB =

(A+B) sin (A;B)

2sin




+Ax+ .
2cos (x Zx x).sm

A .. A
cos (x+7x) .sin (7x)

= lim
Ax—0 Ax/2

. Ax .. Ax
. . sin(=) . sin () _
cos (x +—). lim —2- lim —=—=1
27 Ax—0 Ax/2 Ax—0 Ax/2

cos(x+A7x).1

Apply the Limit

dy 0
- COS (X =
Tx (x+3)
v
dx

d

dd = cosx Proved.
dx

2. Show that % (cosx) = —sin x by using first principle Rule.

cos(x+0)




Sol: —

Let f(x) = cosx

Let f(x + Ax) = cos x + Ax

ay _ I fx+Ax)—f(x)
2= iy &2

dx Ax—0 Ax

Put —» (i)and —ii) in  —)

dy . cos x+Ax —cos x
— = lim
dx Ax—0 Ax

“A=x+Ax , B= x

. +Ax+ .
—2sin (x Zx x).sm

. A .. A
—sin (x+7x) .sin (7x)

Ax—0 Ax/2

sin (&%)
Y = —sin(x+A—x). lim —2-
X 27 Ax-0 Ax/2

sin4 — sinB =
2cos

A+B) . (A=B)

c0SA — cosB =

2

. (A+B) . (A-B)

—2sin - Sin

2

. A
sin (59)

m
Ax—0 Ax/2




d
=2 = —sin(x+A2—x).1

dx
Apply the Limit

= —sin(x + g)

= —sin(x+0)

= —sinx Proved.

3. Show that % (tanx) = sec?x by using first principle Rule.

Sol: —

Let f(x) = tanx

Let f(x + Ax ) = tanx + Ax

ay _ I f(x+Ax)—f (x)
-~ = |jp &=—— -~
dx Ax—0 Ax

Put — (i)and —#ii) in —#i)

. sin(fa —pB) =
dy . tan (x+Ax) —tan x

ax . am Ax sina . cosf —
cosf.sina

va=x+Ax, f=x

. 1 [sin(x +Ax) sinx
im — —
Ax—0Ax [cos (x + Ax) cosx




1 [sin(x + Ax).cosx — cos(x + Ax ) .sinx

im —
Ax—0 Ax cos(x + Ax ) .cosx

i ir sin(/+Ax—/—|
AHOAX|_cos(x+Ax).cost|

I 1 [ sin Ax ]
8450 Ax cos(x + Ax ) .cosx

sinAx 1

lim

' Apply the Limit
sxs0 Ax avs0cos(x + Ax ). cosx ppry the Limi

1
cos(x +0).cosx

1
COS X .COSX

d
LA sec®?x Proved.
dx

4. Show that % (secx) = secx.tanx by using first Principle Rule.

Sol: —

Let f(x) = secx

Let f(x + Ax ) = sec x + Ax




dx Ax—0 Ax

dy I fx+Ax)—f(x)
— im

Put — (i) and —#%ii) in —{ii)

d . sec (x+Ax) —sec x
A )

dx Ax—0 Ax

vTa=x+Ax, = x

1 1
dy . cos(x +Ax) cosx
= lim

dx Ax—0 Ax

dy 1 [ 1 1 ]
dx  AvsoAx cos(x +Ax) cosx

dy o1 [cosx — cos (x + Ax)
dx Ax>0Ax

cosx .cos(x + Ax)

SinA — sinB =
2c0s LB i (A;B)

dy 1 [cosx — cos (x + Ax)

dx Ax—>0AxLlcosx .cos(x + Ax)

coSA — cosB =
(A+B) . (A-B)

sin
2

—2sin

dy g _osinX + (x2+ Ax) P (x2+ Ax)

= lim —
dx Ax—0Ax cosx .cos(x + Ax)




[ Zx  Ax //Ax

\ —2sin Z/ + —.sin ——

dy 2 2

= lim —\

dx a0 Ax | COS X.COS(X + AX)

:
|
|

L |

. Ax . Ax
1 |—2sinx +7 - —Sin—-

= lim —
Ax—>0 Ax | cosx .cos(x + Ax)

AX
|—/Zsinx+ /sm —|
dy 1|
——I|m— 2

| |

dx AHUAx| cos x.cos(x+Ax)

L

Ax Ax]
dy _ 1 |2sinx + =~ - .Sin—- >

— = lim
dx ~ ax-0 Ax |cosx .cos(x + Ax)

— = lim sin |x +— Apply the Limit

dx  Ax-0 21 cosx ‘cosx+Ax  Ax
2

. Ax
dy [ Ax 1 1 Sin—-

— = lim sin |x + —] . lim . lim lim
dx  Ax—0 2 ] "ax>0cosx Ax-0cosx + Ax Ax—o Ax

2

. Ax
dy [ Ax 1 1 . Sin—-

dy ] 0
a—SlTl [X+E] .

1 1
cosx cosx+0°

dy ] 1 1
— =sinx. )
dx COSX COSX




dy sinx 1
dx cosx cosx

d

&y = tan x.sec x Proved
dx

5. Show that % (cosecx) = —cosecx. cot x by using first Principle Rule.

Sol: —

Let f(x) = cosec x

Let f(x + Ax ) = cosecx x + Ax

¥ _ f(x+Ax)—f (x)
— = 11m

dx Ax—0 Ax

Put — (i) and —#%ii) in  —{ii)

d . cosecx (x+Ax) —cosecx x
2= lim ( )

dx Ax—0 Ax

Ta=x+AMx, = x

1 1
dy . sin(x +Ax) sinx
= lim

dx  Ax—=0 Ax

dy I 1 [ 1 1 ]
dx  Avso0Ax sin(x + Ax) sinx

dy 1 [sin x — sin (x + Ax)
dx Ax-0Ax

sinx .sin(x + Ax)

|

9.

SinA — sinB =

2cos (A;B)

c0SA — cosB =

l' (A_B)

2

(A+B) . (A-B)

—2sin

sin

2




dy 1 [2cos x + (x2+ Ax) sinX = (x2+ Ax)

= lim — ; ;
dx  AvsoAx sinx .sin(x + Ax)

Zx  Ax A A - ax]

2c0Ss——+ —.sin ————
7 2 2

\
\
sin x.sin(x + Ax) \

r
I
|

Ax . —Ax
d_y_ _ 1 2cosx+7.smT

= lim —
dx Ax-0 Ax| sinx .sin(x + Ax)

Ax . Ax
dy . 1 —2cosx+7.sm7}

—— = lim —|— ’
dx x50 Ax| sinx .sin(x + Ax)

. Ax
dy _ [ LAx 1 1 sinse
dx a0 T2 Sinx sinx + Ax Ax

2

Apply the Limit

. Ax
dy _ Ax _ 1 ) 1 - Sin—-
— = lim - cos [x+— . lim — . lim ——— . lim
dx Ax—0 2 | "ax>o0sinx “Ax-o0sinx + Ax ax—o0 Ax

2

d 0 1 1
—y=—cos[x+§].

dx sinx ‘sinx+0°




dy —cosx 1 1
- = o v —— = cosecx
dx sinx sinx sinx

dy

P = —cot x.cosec x Proved
X

6. Show that % (cotx) = —cosec?x by using first principle Rule.

Sol: —

Let f(x) = cotx

Let f(x + Ax ) = cot x + Ax

ay _ i f(x+Ax)—f(x)
2= gy =

dx Ax—0 Ax

Put — (i) and —#ii) in —#i)

10. sin(a — B) =
dy . cotx (x+Ax) —cot x i —
~Z = lim ( ) sina . cosf
dx = Ax-0 Ax cosf.sina

s _ coS X
ca=x+A0x, B=x cot x =

sin x

. 1 [cos(x + Ax) cosx
im — -
Ax—0Ax |sin(x + Ax) sinx

[sin x.cos(x + Ax).— cos x.sin(x + Ax)

sin(x + Ax).sin x




lim —
Ax—0 Ax

”mir sin/)(—){—AX—|
AX=0 Axi_sin(x+Ax).sin XJ

—sin Ax

1 [sinx —(x+ Ax)
sin(x + Ax).sin x

 sin — Ax = —sinlAx

lim

Llim — -
Ax—0  Ax Ax-0sin(x + Ax ) .sin x

1

sin(x +0).sinx

1

—sinx.sinx

dx

y
—— = —cosec’x Proved.

CEQuestions:-

Apply the Limit

1. Use any suitable rule of differentiation to perform Z—z for the following

functions.
— win3
a. y=sin’x

Sol: —
y = sin3x

Differentiatew —r — t ‘x’

b. y = sin 3x + tan 4x

Sol: —
y = sin 3x + tan 4x

Differentiatew —r — t ‘x’




2 ) = % (sin3 d . N_d. ..
— () =~ (sin’x) — (y) = —(sin 3x + tan 4x)

Using Power Rule &

, d
sin3x + —tan 4x
dx dx dx

d Ca_q dy . d d d
2 = 3sin3 1xa‘l—ism ﬁ = cos (3x) — 3x + sec2(4x)a 4x

dx

. d
ﬁ = 3sin?.cos x Ans.. Y

— = 3cos (3x) + 4sec?(4x)

dy

— 3cos 3x + 4sec?4x Ans..

C. y=Sinx.cosx d. y=secVx
Sol: — Sol: —

1
y = sin x.cos x y = secxz
Differentiatew —r —t ‘x’

Differentiatew —r — t ‘x’

d d , . d d 1
- y) = = (sin x. cos x) - (y) = - (sec x2)
Using Product Rule

Using Power Rule
dy

d d 1
L — sinxL . cos x + cos x=sin x —y=—(secx2)
dx dx x dx dx
1
W _ cimx(—si ay _ 4 (2
— = sinx.(=sinx) + cos x(cos x) — = sec Vx. tanﬁdx (x?)
dy

—= = —sin %x + cos?x
dx

d 1 1
d—z=secx/;. tanVx 5 X2 1

dy

= —sin %x + cos®x
dx

d

dz =secx . tanVx .

a

ﬁ = sec\x . tanVx .
X

e. y=x2tan >

Sol: — dy

Ezsec\/?. tanvx .

X
y = x%.tan >

dy sec+x . tanVx

— = Ans..
dx 24x
Differentiatew —r — t ‘x’




() = L (x2 x
a(y) =— (x*.tan 2)

d d x x d
2= x2 Ztan I+ tan = =x?)
dx dx 2 2 dx

W _ 2 Z(E)i(f) x
o, = Xxo.sect(Z) () T tan 2 (2x)

2o s (). () ren a0

d x2 x x
D=L gec? (—) + 2x.tan = Ans..
dx 2 2 2

__ (cos?3t)
T (1+t2)

Sol: —

_ (cos?3t)
o)

)

Differentiatew —r —t ‘t

d _d cos?3t
dt(Y)_dt 14 t2

Using Quotient Rule

dy_

[ 2\ d 2 22y 4 2
1+t )%(cos 3t) — (cos 3t)%(1+t )

dt (1 +t2)2

dy_

-(1 + t2).2(cos 3t)% (cos 3t) — (cos?3t)(0 + 2t)

dt (1+t2)2

dy

-(1 + t2).2cos 3t(—sin 3t) %(Bt) — 2t(cos?3t)

dat (1+t2)2

dy [(1+t*).2cos 3t(—sin 3t)(3) — 2t(cos?3t)

dt | (1+t2)2




Double Angel Formula 2sintcost = sin2t
dy [(1+t?).—3(2sin 3t.cos 3t). —2t(cos*3t)
at (14 t2)2

dy [=3(1+t?).(sin2(3t)) — 2t(cos*3t)
dt | (1 + t2)2 l

dy [-3(1+t?).(sin 6t) — 2t(cos?3t)
dt | (1+t2)2

dy [-3(1+t?).(sin 6t) — 2t(cos?3t)
dt (1+ t2)2

[IlDerivative Of Inverse trigonometric Function:-

e Proofs:-

1. Show that dy sin~ !
dx




Sol: —

Suppose y = sin~1x

Siny = x
Differentiatew —r — t ‘x’

d .. _d
E( my)—a(x)

cosy d—y=1
dx

dy 1

dx cosy
=> sin’y + cos?y = 1
=> cos?y = 1 —sin?y
Taking “\/""” on both sides
Cosy = m
Putin — (i)

dy 1

dx J1—sin?%y

siny = x

dy 1
dx  V1—x2

2. Showthat 2 cos—lx =

dx

-1

Ji—x2 °

Formulas

1. sin?y + cos?y =1
2. l+tan’y = sec?y

3. 1+cot?y = cosec’y




Sol: —
Suppose y = cos™1x

cosy = x
Differentiatew —r —t ‘X’

d d
E(COS y) = a(x)

—siny d_y =1
dx

dy -1

dx siny
=> sin’y + cos?y = 1
=> sin’y = 1 — cos?y
Taking “/ " on both sides
M >~ \/1— cos’ y
siny = /1 — cos?y

Putin —i)

dy -1

dx 1 —cos?y

cosy =x

dy -1
dx  V1—x2

dy 1

3. Showthat = tan " x =

dx

1

142 "

Formulas

4. siny + cos?y =1
5. 1+tan’y = sec?y

6. 1+cot?y = cosec?y




Supposey = tan lx

tany =x
Differentiatew —r — t ‘x’

d . d
o (tany) = — @)

dy
Zy —=1
sec’y -

ay _ _1 : Formulas
dx  secy

7. sin?y + cos?y =1
=> 1+ tan?y = sec’y

2y — cac2
Putin  —i) 8. 1l+tan“y = secy
dy 1

dx 1+ tan2y 9. l+cot?y = cosec?y
x + tan<y

tany = x

dy =~ 1
dx 14 x?

dy -1 -1
4. Showthat —-= cosec” " x = .
dx |x|Vx2—1

Sol: —

Suppose y = cosec™lx

cosecy =x
Differentiatew —r — t ‘x’

d _d
I (cosecy) = T2 (x)




t dy
—cot y.cosecy ——
dx

dy -1

dx cosec y.coty

=> 1+ cot?y = cosec?y

=> cot?y = cosec?y — 1
Formulas

Taking “V' " on both sides 10.siny + cos?y = 1

M= yJcosec’y -1 11.1+tan’y = sec?y
Coty = ,/cosec?y — 1

Putin —i)

12.1+cot?y = cosec?y

dy -1

dx  cosecy. /cosec?y — 1

cosec =X

dy -1
dx  |x|Wx? -1

5. Showthat —=
dx
Sol: —

Suppose y = sec”1x

secy =x
Differentiatew —r —t ‘X’

d d
§(S€C y) = &(x)




dx  secytany
=> 1+ tan’y = sec?®y
=> tan’y = sec’y — 1
Taking “/ " on both sides
M: «/s eczy -1
tany = \/m
Putin — (i)

dy 1

dx  sec y. /sec?y — 1

sec = X

dy 1
dx |x|VxZ -1

dy

-1 _
dx cot "x=

6. Show that
Sol: —
Suppose y = cot™1x

coty =x
Differentiatew —r — t ‘x’

d d
a(COt y) = &(x)

dy
- 2y — =1
cosec‘y Ix

-1

1+x%

Formulas

13.sin’y + cos?y = 1
14.1+tan’y = sec?y

15.1+cot?y = cosec?y




dy _ -1 : Formulas
dx  cosec?y

16.siny + cos?y = 1

2

=> 1 + cot?y = cosec“y

2y — cpe2
Putin —i) 17.1+tan“y = sec“y
dy -1

- 18.1+cot?y = cosec?
dx 1+ cot?y y y

coty =X

dy -1
dx 1+ x2

LIFE xponential Functions:-

a*, a# 0, a>1IsExponential Function.

> Examples:- Natural Exponential
1. (2)*

2. (5)%
. 1.

3. Q) ,
3

. €
4. (=3)* e

Functions:-

ex

2x

CQuestions:-

.. d . .
1. Find % of Natural Exponential Functions.

d_y _ 3x d_y — sinx

Sol: —




dy d_y — (e)sinx

=7 = X —
dx (8) dx

d i d .
=> exa(x) => es””‘a(sm x)

eS"¥ cos xAns.

2. Find Z—z of Common Exponential Functions.

ay _ x 1T ay _ x ay _ x
= (@) . . =0@) - =03
Sol: — Sol: — Sol: —

dy _ x d_y_ X d_y_ X
=@ o (2) o (3)

=>a*lna => 2%In 2 => 3*In 3

[2%In 2 Ans.| [3%In 3 Ans.|

: ay _ sec x dy _ 3x
v. —= (7) .= (7)

Sol: — Sol: —

dy _ secx dy _ 3
Y = (7) Y~ (7%

=> 75 %In 7L sec x => 73%In 7L (3x)
dx dx

|75€XIn 7. sec x. tan x Ans. | 73%In 7.3A4ns.




[ I Derivative Of Hyperbolic Function :-

X_p—X

d , .
1. —(sin hx) = cos hx = =—"—
dx 2

eX+e™*

d .
— (cos hx) = sin hx =
dx 2

sinh x eX—e™*

d
— (tan hx) = sech?x = =
dx ( ) coshx eX+e=X

coshx __ e¥+e™™*

sinh x eX—e X

d
— (cot hx) = —coseh?x =
dx

1 2
coshx ~ eX+e~

d
- (sec hx) = —tan hx.sec hx = -

1 2
sinh x eX—e™X

d
- (cosec hx) = —cot hx.cosec hx =

[l Derivative Of Inverse Hyperbolic Function :-

dy 4 -1 1
. —sinh ™ x =
dx V1+x2

d _ -1
. Zcosh™1x =
dx x2—

d _
. Zcosech ™l x =
dx

-1
[x|Vx2+1

dy -1 -1
. —secch ™ x = —
d [x|V1—x2

d _
Y coth™lx =
d x2-1




dy 1

-1
1. Showthat == sinh x=——.
dx Vx2+1

Sol: —
Suppose y = sinh™1x
Sinhy = x

Differentiatew —r —t ‘x’

d o _d
- Sinhy) = —(x)

coshy %=1

dy 1

= —
dx coshy

=> cosh?y — sinh?y = 1

=> cosh?y = 1 + sinh®y

Taking “/ "7 on both sides

M: \/1+ sinh’® y

Coshy =/1+ sinh?y
Putin —i)

dy 1
dx J1+sinh2y

sinhy = x

dy

Showthat 2 cosh tx =

dx

Sol: —

Suppose y = cosh™1x

coshy = x

« )

Differentiatew —r — t ‘x

d d
b (coshy) = = (%)

, dy
sinhy — =1

dx

dy 1

dx sinh y

=> cosh?y — sinh?y = 1

=> cosh?y — 1 = sinh?y

Taking “/ " on both sides

\/cosh2 y-1= )[;nhz

sinhy = \/cosh?y — 1
Putin —#i)

dy 1
dx cosh?2y-1

coshy =x

1

Vx2—-1




dy 1

dx  Vi+x2

Questions:-

. . I d . .
1. Use any suitable rule of differentiation to perform ﬁ for the following functions.

a. y=a“.sinx

dy
dx

dy
dx

Sol: —
y =a*.sinx
Differentiatew —r —t ‘x’
d _d o,
— (y) = - (a*.sin x)
Using Product Rule

d . ) d
=a¥.—sinx + sinx—a”*
dx dx

— = a¥*.cosx+sinx.a*lna

d .
2 = a*.cos x +sinx.a*Iln a Ans. .

dx

y = sin(tanh x)
Sol: —
y = sin”(tanh x)

Differentiatew —r — t ‘x’
2 (v) = L (sin?
— (y) = — (sin*(tanh x))

dy . _ 1
Ysinlx =
dx 1—x2

d

dx

dy

dx

dy

dx

y =e*.coshx

Sol: —
y = e*.coshx

Differentiatew —r — t ‘x’
y) = < (e**.cosh x)
dx )

Using Product Rule

d d
= e —cosh x + cosh x—e%*
dx dx

. d
= e¥.sinh + cosh x.e** - (ax)

d .
2 = e ginh + a.e®cosh x Ans..

dx

d. y=e% sin’x

Sol: —
y = e sin? x
Differentiatew —r — t ‘x’

4 _ 4 ax oin2
™ (y)—dx(e .Sin” x)

Using Product Rule




(tanh x)

1 d
Y= Vi—-tanh?x dx

d
- —(tan hx) = sech®x
dx

dy 1
dx  v1-tanh2x

sech®x

dy _ sech®x

dx Vi-tanh?x

1 — tanh?x = sech®x

dy sech’x

dx th”x

dy sec th

dx M

d
—;} = sech x Ans..

Vsin x

Y= sinx
Sol: —

_ \Vsin x
Y sin/x
Differentiatew —r —t ‘X’
d d l\/m

dx” T dx sinx

Using Quotient Rule

dy

d . o d
—~ sin?x + sin?x X eax
dx dx

d d
= e, 2 sinx — sinx + sin’x.e™* — (ax
=€ sinx —sinx + sin“x.e dx(a )

dy

= e%. 2 sinx(cos x) + sin’x.e**.a

d . .
ﬁ = 2sin xcos x.e** + a.e®* .sin’x Ans.

Lecturer: Mr. Asad Ali
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jamalgee555@gmail.com




dy sinvx . (f—x(\/sinx)—\/sinx. ;—x(sin\/;)
dx (sinvx)2

dy sinvx . ;—x(sinx)%—\/sinx. (cosVx) . %(\/7)
dx (sinv/x)?2

1 1
dy _ sinx . %(sin x)z7! ;—x (sinx) —Vsinx . (cosVx) . d—i] (x2)
dx (sinV/x)2

dy Sin Vx . %(sin x)lz_z(cos x) —Vsinx . (cos \/?) . %(x)%_l
dx (sinVx)2

dy sinvx. %(sin x)_Tl(cos x) —Vsinx . (cosvx) . %(x)%l

dx (sin v/x)2

1

sinvx .
d}’: v 2Vsin x

- 1
(cos x) —Vsinx . (cosVx) . NS
dx (sin/x)?

The End of Week # 07




