OWeek # 04

PdLimits of different functions
> . : —

Left hand Limits and Right Hand Limits

Limits of different functions :-
If f(x) be the any function. The limit of the function is defined as:

lim, . f(x) = L — Unique Defined

Properties of Limit :-

1. Sum Rule :-

lim,_c[f(x) + g(x)] = lim,_. f(x) +lim,_,. g(x)

. Difference Rule :-
hmx—w[f(x) - g(x)] = limx—>c f(x) A limx—w g(x)

. Product Rule :-
lim, ¢ [f(x) g(x)] = lim,, . f(x) dimy, . g(x)

. Quotient Rule :-

lim(x)
lim 22 — X226
x>cg(x)  limg(x)

. Power Rule :-
lim[f()]" = [limf (x)]"

. Constant Rule :-

lim=a=a
X—>C

Questions :-
1. lim4=4
x—2
Sol : —
lim 4 = 4

x—2




3. lim x?
X—C

Sol : —
lim x?
X—C

Apply Limit

5. lim V4x2-3

xX—>—2
Sol : —

lim v4x2 —3

xX—=2

1
lim (4x2 — 3)z
xX—>—2

[lim (4x2 — 3)]z
xX—>—2

Apply Limit

=> [lim4x2? — lim — 3]

x—--2 x——2
[4(=2)% — 3]z
[16—3]z

[13]2

V13 Ans.

ltl_r)lg 8(t—5(t—-7)
Sol : —

lim 8(t = 5)(¢ = 7)

4. limx?+5

X—C

Sol : —

lim x? + 5
xX—C

Apply Limit

=> lim x? + lim5
X—=C X—=C

c>+5

6. lim(—x?% +5x — 2)
X—2

Sol : —

lim(x? + 5x — 2)
X—2
Apply Limit
=> lim(— x?2) +lim5x —lim2
X2 X—2 X2
= —(2)*+5(2)-2
=—-4+10-2

=—4+8

x+3
x—2 X+6

8.

Sol :-




Apply the Limit Apply the Limit

—> 8l 5). 1 7 IR - L
=> tl—>n61(t_ ). tl_I)IGI(t— ) => W

=8(6-5).(6-7) =2

2+6

=8(1).(-1) gAns.

. 2
1. lim =2&

y—2 Y2+5y+6 10. limy; 3(2x — 1)?

Sol : — Sol : —

y+2

lim = lim 3(2X— 1)2
y-2 Y°+5y+6 x=1

Apply the Limit Apply the Limit

li_Igy+ li_Igz
= — 2= => 3( lim 2x — lim1)?
}]m% y2+ }]m% 5y +lim 6 x-1 x-1

y-2

2+2

4

y — _9 _ 2
441046 =3(-2-1

=3(=3)?

=3(9)

4
11. lim (5—y)s
y—-3

Sol : —




4
lim (5—y)s
y=-3

Apply the Limit
=>[3235—3m3ﬂ3
4
= [5-(=3)]
4
= (543)3
4
=(8)3

= (2)")*

="

x+3

13. lim >
x——3 X2+4x+3

Sol: —
hm x+3
X—>—3 X%2+4x+3

Apply the Limit

-3+3
(—3)%2+44(-3)+3

g
g+ 417

=>

.0 N
Itis 5 Form then by Factorization

xX—5
1m
x—5 x2-25

Apply the Limit

5-5 -7 0

Itis % Form then by formula

a’—b? = (a—b)(a+b)
x—=5

= lim
x—>5 x2-52

(x5

= lim —————
X35 (X -5) (x +5)

. 1
lim
x—5 (x+5)

Apply the Limit

lim 1
X—5

}Cl_r)r% (x+5)

) x2+3x-10
lim —————

x—-5 xX+5

Sol: —
x%2+3x-10

lim
x—-=5 x+5

Apply the Limit

_ (=5)%+3(=5)-10 - 28 —18 —1¢f
N (-5)+5 N F. ¥




x+3
mm —————-
x—>—3 X2+3x+x+3

im x+3
x—>—3 x(x+3)+1(x+3)

$5=3 (4 #5) (x+1)

lim
x--3 (x+1)
Apply the Limit

lim 1
x>—3

i, (x+1)

1
T (-3+1)

1
— Ans.
-2

. Xx%=7x+10
lim ————
x—2 xX—2

Sol: —

x2-7x+10
x—2

Apply the Limit

(2)2+7(2)+10 __ A-14+ 70
@z 77

.0 N
Itis 5 Form then by Factorization

. x2-2x—5x+10
= lim ——
x—-2 x—2
x(x—2)-5(x-2)
x—2

Itis % Form then by Factorization

) x2+5x—-2x—10
llm S —

x—-5 x+5

. x(x+5)—-2(x+5)
lim
x——5 x+5

. (x+5) (x - 2)
e

=> lim (x — 2)
x—>=5

Apply the Limit

24—
16. lim =2

t—1

Sol: —

.t 4t-2
lim

t—>1 t2-1
Apply the Limit

iz Aid-d
Wt 44

.0 o
Itis 5 Form then by Factorization

. tA42t-t-2

= lim ————

t—1 t2—12
t(t+2)—1(t+2)

t-1 (t+1D)(t-1)




iy D -9)
_Agg __z;:zﬁr__

=lim (x — 5)

x—2

Apply the Limit

=> (lim x — lim5)

xX—2 x—2

=(2-5)

) tZ24+3t+2
17. lim
t>—1 t2—-t-2

Sol: —

t2+43t+2
m
to—1 t?—t-2
Apply the Limit
(-1)%+3-(1)+2

T -2

.0 A

Itis 5 Form then by Factorization
. t2+t+2t+2
=lim —
to—1 t2-2t+t-2

B t(t+1)+2(t+1)
T o1 t(t-2)+1(t=2)

i (1T (t+ 2)
=lim &=———
=1 (t-2) po1)

. (t+2)
=1
t—l>IP1 (t-2)

Apply the Limit

i (t+2) @=T)
51 (t+1) (LT)

. (t+2)

t—1 (t+1)
Apply the Limit

ltl_l‘)rll(t+2)
ltl—rg(t-l-l)

1+2

1+1

3
= Ans.
2

18, lim =t

u—1 u3-1

Sol:-

) ut-1
lim —
u—1 u°-1

Apply the Limit

_ W1 -1 _
i

(1)3-1

Itis % Form then by Formulas
a®—b3=(a—b)(a%®+ ab + b?
a’> —b?>=(a+b)(a—Db)

(u*)?-(1)*
TR ENIEIE
_ (u?-1) (u?+1)
T (D (wZ4u() )+ (1)?

_ W?-(1)?* (u*+1)
T ust (u=1)(uZ4u(l) )+(1)2




. Vx-3
lim
x—>9 X—9

Apply the Limit

_ V93 F-F
= 55 => o =

0
> -
0

Itis % Form then by Rationalization
. x-3 Vx+3
= lim X
x—9 Xx—9 Vx+3

W e

208 -9 (Vx+3)

= lim M
9 (x <5 (x +3)

xl—rg Vx+3
Now Apply the

lim 1
X9
lim Vx+3

xX—-9

1
T V943

T (e’ )
= lim

u-1 “T(u’+u+1)

_ (u+1) (u?+1)
B ul—rg (u2+u+1)

Apply the Limit

lim[(u+1) (u?+1)]

lim u?+limu+lim 1)
u-1 u-1 u—-1
(1+1)((1)%+1)
(D2+1+1

(2)(a+1) - (2)(2)
1+1+1 3

4
- Ans.
3

v3-8

m "
vo2 V¥—16

Apply the Limit

_ 28 __ A-f
T 216 T 6

=>

Itis % Form then by Formulas

a3 — b3 = (a — b)(a? + ab + b?




(v=2)(v2+2(V)+(2)?
(V2—4)(v?+4)

o (v=2)(VE2(n)+(2)2
= lim
V-2 (V2=4)(v?+4)

T (v=2)(v?+2v+4)
=lm e

I M(v2+2v+4)
= l1m
Vo2 (y <) (v 2)(vC + 4)

(V2+2v+4)
m ————————————————
v-2 (V+2)(vZ+4)

Apply the Limit

lim (vZ+2v+4)
Vo2

lim [(v+2)(vZ+4)]

2)?%+2(2)+4 4+4+4
2+2) ((2)°+4) (4) (4+4)

T3l .imits Of Infinity :-

lim Or

X—00

lim

X—>—00




.

Ll 5x+9
'xgg 11x — 3

Sol: —

. 5x+9
lim ——
X—00 11x-3

Apply the Limit

11(c0)-3 -3 o

Hence itis— form so X ing & +ing

n ”

Numerator and Denominator by"x

5x+9

: X
lim =

Now Apply the Limit

lim 5+2
X—00 X

lim 11— —>
X—00 X

9
5+—
o0

T
o0




5 3x2 —4x +5
C 0% 9x3 + 222 —6x + 11

Sol : —

i 3x2 —4x +5
v 9x3 + 2x2 — 6x + 11

Apply the Limit

3(00)2—4(00)+5 __ 045

- 9(0)3+2(0)2-6(0)+11  oo+11

Hence it is z form so X ing & +ing

Numerator and Denominator by "x3”

3x2 —4x+5
_ 1 x3
= M S s 2xz —ex £ 11
X3

3xX? 4x 1

T T AT s

= lim —X x X
x2m9x® 2x? 6x 11
+ 7 — +

=>




31 3x2 —5x+1
' xl—r>§o5x2—3x+1

Sol : —

. 3x2—5x+1
ooh 5x2—-3x+1

Apply the Limit

3(0)%-5(0)+1 oo+1
5(0)2-3(0)+1  oo+1

=>

Hence it is 2 form so X ing & +ing

Numerator and Denominator by "x2”

3x?—5x+1




Apply the Limit

. 5 1

_ 3t

B . 3 1
llm[S—E-Fx—z]

3x3-4x2+5x-1
1m
x—oo00 9x3+2x2—6x+11

Sol : —

3x3-4x2+5x—1

m
x—o00 9x3+2x%2—-6x+11
Apply the Limit

_ 3(0)’-4(0)*45(@)-1 _ o=l
T 9(0)3+42(0)2—6(0)+11 _ oo+11

Hence itis= form so X ing & +ing

Numerator and Denominator by"x3”

3x3 —4x%2+5x—1
T x3
A s o2 —6x £ 11




_ 3-0+0-0

= =>
9-2-24+0

. limcosx =cos0 =1
x—-0

limsinx = sin0 =0
x—0

. . inx O
. limtan x=lim —=—-=0
x—0 x—0 cosx 1

) sinx
lim —

x>0 X

=1

.

. 1l4+sinx+sin2x
1. lim 2

x
—_— . lim
x—0 V4+cos?x x—90° COSX
Sol: — Sol: —

lim 1+sin x+sin2x lim X
x—0 V4+cos?x x—90° COSX




Apply the Limit

lim[ 14+sin x+sin2x]
— x-0

;in&[\/4+cosz x]

__ [1+sin(0)+sin2(0)]
[ /4+cos?(0)]

1+0+0

V4+1

L
V5

3.

1
x—0 Xxcotx

Sol : —

1
x>0 Xxcotx

. 1 1
lim-

x>0 X cotx

. 1
lim- .tanx
x-0 X

. 1 sinx
= lim-.
x—0 X COSX

. Sinx 1
lim

x>0 X cosx
Apply the Limit

. sinx .
=> |lim . lim
x-0 X x—0 COSX

Apply the Limit

lim x
— __X-90°

lim cosx
X—90°

90°
€0s90°

=> undefined (o)

Limit does not exist.

. sinpx
lim 222

x—-0 qx

4,

Sol: —

. sinpx
lim 222

x-0 qx

1 .. sinpx
= lim 222
q x—0 x

Multiplying & dividing p on both sides

. sinpx
lim 222
x—0 pPX

P
q

Apply the Limit

. sinpx
lim =22
x—0 pPX

=2
q

= 2=1
q




38 eft Hand Limit & Right Hand Limit : -

If x —— a through values of “x”

greater then “a”, we say that “x” approaches “a” through the right. In symbols we
write:
X —— a+0 R x——» a*.

Similarly if x ———— a through values of “x” less then “a”

“u_n “«_n

we say that “x” approaches “a” through the left. In symbols we write:

X —— a—0 OR x—» a~

—4,-3,-2,-1
e
L = H — L9~

.

> Find the Limits :

V4—-x2

1m ————-
x—=2—0+/6—5(x)+x2

1.

Sol : —
V4—x2

1M ——=
x—2—0+/6—5(x)+x2

Using theresultfor L — H — L




I, 00 = Jg =1

=> lim f(2—h) = | ikl ChulDls

- hi*n(}\/6—5(2—h)+(2—h)2

_ _ J4— (4—4h+ h?)
=> lim f(2—h) = lim
h=2-0 h=0+/6 — 10 + 5h + 4 — 4h + h?

=> lim f(2—h) = lim JA A ran b
h-2-0 h_’o\/ﬁ/—lyf+h+,4/+h2

_ . V4h —h?
=> hhzn_lof(z—h) = lim

10 b + h?

o o HE-n
=> lim f(2—-h) = lim‘*—
h—-2-0 h—0 ’y((l+h)

: . @ -h
=> lim f(2 —h) = lim——=
h—2-0 =0 [(1+ h)

Apply the Limit

Ji /G
lim/R(T+ h)

N A

V& -0)

= hlizrr—loﬂ2 —h= (1+0)

=> hlizrr_lof(Z—h)=\/% => V4

hllzrr—lof(z —h) =2 Ans.




. V1-x2
lim

x—1-0 1-x

Using theresultfor L — H — L

NG = B

=> lim f(1-h) = lim 1= =h*

-0 1—(1—-h)

J1— (12 + h%2 = 2h)

=0 =

= lin,fG= )= |

B A

= A0 =g

N e
=> lim f(1-h) = lim———
h—-1-0 h—0 h

-1
h
"

R A




: ]2
=> lin S0 = i |G

Now Apply the Limit

=> lim fA-m= |¢-1)

=> lim f(1-h) = (@-1D

dim f(1—h) = V(=1 + ) Ans.

.  f@2+0
i. f(@2-0)

x3-8
x2—4

Where f(x) =
i f(2+0)
Sol: —

Given that

x3-8
x2 —4

f&x) =

Using the resultforR —H — L

700 = I+

_ . 4. (2+h)3-8
= hllgriof(z +h) = ;111551 (2+h)2-4

(a + b)® =a® + b3 + 3a*b + 3ab?

(a+ b)? =a?+ b? + 2ab

(2)° + (W° +3(2)*(W) +3(2)(M)* — 8
(22 + (W2 +22)(h) -4

=> lim /24 ) = iy




] ,8/+h3+12h+6h2—,8/
m

=> lim f(2+h) =1
h—>2+0f( ) h=0 A ih®sah— 4

Y 2B = 1 h3 + 12h + 6h?
_>h—1>£r-l+of( +h) = o h2 + 4h

A(h?+12 +6h)

=> hl_l}g&()f(Z + h) = lim

|
h>0 A (h+4)

(k¥ +12+6h)
im0 (h+4)

=> lim fQ+h) =

Apply the Limit

,Pr{}[hz + 12 + 6h]
= hl—lgiof(z th = flLinol[h + 4]

_ (0)% + 12 + 6(0) - K

(0) +4 4

hllzrr_lof(z + h) = 3 Ans.

f(2-0)
Sol: —
Given that

x3 -8
x2 —4

f&) =

Using theresultfor L — H — L

T, 00 = =1

_ . LN pien 2-0)%-8
= hl—grlof(z h) = ilzl—%l (2-h)%-4




(a — b)? = a® — b3 — 3a%b + 3ab?

(a —b)? = a? — b% —2ab

o (@R - (-3 +3() (W -8
= lim S 2= k) = T — 2 () - 4

1im;8/—h3—12h+6h2—)8/
h=>0  Ain’—an- 4

=> lin, /21 -

I —h3 —12h + 6h?
ia0  RZ—4h

=> lin,f2 =) =

A(-h®-12+6h)

= hl—grlof(2 —h) = lim

]
h~0 K (h-4)

| =h? =12+ 6h
B0 h—4

= lin f2 ) -

Apply the Limit

illir{)l[—hz — 12+ 6h]
=2 hl—grlof(2 —h) = lim [h — 4]
h—-0

_ —(0)* —12+6(0) - A7

© 4 7

hllzrr_lof(Z —h) = 3 Ans.

f(1+0)
fA-0)




x3-1
x2-1

Where f(x) =
i f(1+0)
Sol: —

Given that

x3 -1
x2 -1

f(x) =

Using theresultforR — H — L

lim fGO = lim(1+ h)

x—1+0

=> i = Jim &1
_>hE¥hfm"+h)_ #%(uﬁﬁ—l

(a + b)3 = a® + b3 + 3a?b + 3ab?

(a+ b)? =a? + b? + 2ab

(WP 4+ (W + 312 +3(1)(R)* -1
o D2+ ()2 + 2()(h) — 1

=> lim f(L+h) =

h®+3h+3h° -
=> lim f(1+h) = lim N {
h—1+0 h=0 1/ 4+h*r2n-7

| T h3 + 3h + 3h?
_>h—1>r1r}rof( +h) = ns0  hZ+ 2h

_  A(h*+3+3h)
R A il

(h* + 3+ 3h)

= hl—l>r1r}rof(1 +h) = 10 (h+2)

Apply the Limit




Air{)l[hz + 3 + 36h]
=> Jim fA+h) = Tim[h + 2]

_ (02 +3+3(0) o 3
B T2

0)+2

' _3
hl}lrr_lof(l + h) = ~ Ans.

f(1-0)
Sol: —
Given that

x3 -1
x2—1

f&x) =

Using theresultforR — H — L

I,/ = Jiga—»

— ; _ _po(1-n)3-1
= hl—grlof(1 h) = flll—l)l(} (1-h)2-1

(a —b)3 = a3 — b3 — 3a?b + 3ab?

(a —b)? =a®+b* - 2ab

s i @ -P -3+ 32 -1
R A (12 + ()2 -2(1)(h) -1

=> lim f(l—h)z liml/_h —23h+3h _1/
h-1-0 h—0 ’]_/+h _2h_1/

~ —h3—3h + 3h?
im

= lim S =h) = i oh




A(-h?—3h+3h)

=> lim f(1-h)= lim H(h - 2)

(=h? — 3 + 3h)
(h—2)

=> lin, /=) = iy

Apply the Limit

lim[—h? — 3 + 36h]
=>,lim f(A-h) = Tim[h — 2]

_—(0)2-3+3(0) _
R -

43
>_
=2

; =3
hlllrr_lof(l —h) = > Ans.

5. Find

i f(4+0)
i.  f(4—-0)

x%-16
x=4

Where f(x) =
i f(4+0)
Sol: —

Given that

x? —16

fe)=——

Using theresultforR — H — L

lim fGO = lim(4 + h)

x—4+0

_ . _ o (a+h)?-16
=> lim f4+h) = lim

(a+ b)? =a?+b? + 2ab




(4)% + (h)? + 2(4)(h) — 16
4+h—-14

=> lim /(1) = i

_ . T l}z{+h2+8h—1ﬁ/
=> Jim fe+h) = Jim=—r—

h? + 8h

=> im0 = i

A (h+8)
A

=> lim f4+m = i

=> hl_l)ﬂ()f@ + h) = 1111r_r>10(h + 8)

Apply the Limit

=> hl_l)ﬂ()f@ + h) = 1111r_r)10(h + 8)

=> hgmof(4+h) => 0438

=> xl_}mof@ + h) = 8 Ans.

f(4-0)
Sol: —
Given that

x%? - 16

F0) ===

Using theresultfor L — H — L

T, 00 = g1

el bRy = 1im GRS
=> Hm f(4—h) = lim=2m—

(a—b)?> = a®* + b?> —2ab




(4)% + (h)? — 2(4)(h) — 16
4—-—h—-4

=> lim (1) = i

16 +h’> -8h-18

:>hl—}£rlof(4_h): ’11_%1 A-h-A

h%-8h

=> lin, /(4= = iy

=> lim f (4—h)= h;o Lecturer: Mr. Asad Ali
omposed By: Ahmad Jamal Jan
=> lim f(4—h) = lim —(h—8)

h—-0

C
=> lim f(4—h)= lim(=h+8) Contact # 0345-9036870

h-0

Apply the Limit jamalgee555@gmail.com

=> hl_l)irlof(4 —h) = lrllr—{lo(_ h + 8)

=> hgmof(4—h) => (—0+8)

=> hl_lﬂr}rlof(ll — h) = 8 Ans.

The End of Week # 04




