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_ Cours'e Objective:

1.Express-statement§ with the precision of formal logic l

- 4.Apply to sets the basic properties and operations related to

- 8.Compute probability of simple and conditional events

 1.Recommended Books:

* 8. Loop Invariants

. 10. Combinatorics

Lecture No.1 Logic

2.Analyze arguments to test their validity
3.Apply the basic properties and operations related to sets

5.Define terms recursively
6.Prove a formula using mathematical induction

7 Prove statements using direct and indirect methods

9 Identify and use the formulas of combinatorics in different
10.I1lustrate the basic definitions of graph theory and propert

relations and functions

problems

es of graphs

11.Relate each major topic in Discrete Mathematics to an application area in computing

1 Discrete Mathematics with Applications (second edition) by Susanna S. Epp

2 Discrete Mathematics and Its Applications (fourth edition)
1.Discreic Mathematics by Ross and Wright

MAIN TOPICS:

1. Logic - ﬁ}\
2. Sets & Operations on sets 3 S £
3. Relations & Their Properties Se
4, Functions =~

5. Sequences & Series

6. Recurrence Relations

7. Mathematical Induction

9. Loop Inyariants
11. Probability ; _
12. Graphs and Trees A
. Discrete

L}

)
]
)
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by Kenneth H. Rosen
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EXAMPLES: ;

l-l;ogic e g

Set of Integers:

L L] » L]

3 2 Jd B

Set of Real Numbers:

What is Discrete Mathem
t

atics?

Discrete Mathematics concerns processes that consist of a sequence of in

LOGIC:

Logic is the study o

valid and an invalid argument.

SIMPLE STATEMENT:

A statement is a declarative sentence that is either true or false but not both. ;g
A statement is also referred to as a proposition ' ;

EXAMPLES:

a, 2+2=4/

b. It is Sunday today
If a proposition is true, we!
If a proposition is false, its
The truth values “true” an

Propositions
1) Grass is green.

2) 4+2=6
3) 4+2=1 i

1
Rule: |
If the sentence is preccdcdi

| 5 ik .
f the principles and methods that distinguish between a %{*

&
! b
4) There are four fingers in a hand. : _ : J

dividual steps.

say that it has a truth value of "true”. x # 3
truth value is "false". : L

d “false” are, respectiveljr, denoted by the letters T and F.

Not Propositions g :
1) Close the door. : p M.“
2) xis greater than 2. s
3) Heis very rich

by other sentences that make the pronpun or variable reference ¥ 5

clear, then the sentence is a;t statement. : - St
P

Example:
x=1
x>l
“x> 2" is a statement wit
FALSE.

DR REREUIE LT, - R

Example

Bill Gates is an American

He is very rich

“He is very rich” is a statement with truth-
value TRUE.

truth-value

© Copyright Virtual University of Pakistan
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1-Logic s e g e
UNDERSTANDING STATEMENTS
1) x+ 2 is positive. Not a statement
2) May I come in? Not a statement
3) Logic is interesting. A statement
4) Itis hot today. A statement
-1>0 . A statement
6) x+y=12 - Not a statement |

COMPOUND STATEMENT:

Simple statements could be used to build a compound stalement

LOGICAL CONNECTIVES

EXAMPLES:

1. “3+2=5"and “Lahore is a city in Pakistan”
2. “The grass is green” or It is hot today”
3. “Discrete Mathematics is not difficult to me”

AN'D OR, NOT are called LOGICAL CONNECTIVES. |

SYMBOLIC REPRESENTATION - t

Statements are symbolically represented by letters such as p, q, o
i

EXAMPLES:

p = “Islamabad is the capital of Pakistan™
g ="17is divisible by 3"

; 1 1
Negation not o~ ':-ll‘llde
| I
Conjunction and LN %{at
1
Disjunction or v Vel
- |
Conditional " if...then... s b !Pu’row
Biconditional if and only if > Double arrow
© Copyright Virtual University of Pakistan
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1-Logic i

- EXAMPLES

p = “Islamabad is the capital of Pakistan”
g = "17 is divisible by 3"
P A g ="Islamabad is the capital of Pakistan and 17 is divisible by 3”
P Vv g ="Islamabad is the capital of Pakistan or 17 is divisible by 3"
~p = “Itis not the case that/Islamabad is the capital of Pakistan” .
or simply “Islamabad is not the capital of Pakistan” - '

TRANSLATING FROM ENGLISH TO SYMBOLS

“

Let p="Itis hot”, and q =|* It is sunny”

SENTENCE SYMBOLIC FORM

1.It is not hot. - ~p

2.1t is hot and sunny. P Aq

3.1t is hot or sunny. pvq

4.1t is not hot but sunny. ~pAq ;

5.It is neither hot nor sunny. _ ~pAa~qa INAM PHOTO STATFE
' fizar Department of Food

EXAMPLE - griance & T_ecpm;iogy

Let  h="Ziais healthy’
w = “Zia is wealthy
s = “Zia is wise”
Translate the compound statements to symbolic form:
1) Ziais healthy and vsircalthy but not wise.
2) Zia is not wealthy but he is healthy and wise.
3) Ziais neither healt]ily, wealthy nor wise.

¥

(hAaw)A(~s)
~wna(hAs)
~hAa~wA~s

TRANSLATING FR(é)M SYMBOLS TO ENGLISH:

[
Let m= “Aliis good inMathematics”
¢ = “Ali is a Computer Science student”

Translate the following statement forms into plain Engliéh:

Ali is not a Computer Science student

1) ~c
2) ¢vm Ali is a Computer Science student or good in Maths.
3) mA~cC Ali is good in Maths but not a Computer Science student

A convenient method for analyzing a compound statement is to make a truth

table for it.

Truth Table .
A truth table specifies thetruth value of a compound proposition for all

possible truth values of itsjconstituent propositions.

i
|

© Copyright Virtual University of Pakistan

@

Scanned with CamScanner


https://v3.camscanner.com/user/download

RO o st e L g S

ie

- 1-Logic

V
i

" 'NEGATION (=):

l
If p is a statement variable, then negation of p, “not p”is dc&'xoted as “~p” 3
It has opposite truth value from p i.e., if p is true, then ~p is false; if p is false, then ~p 18

true.

TRUTH TABLE FOR ~

i
E
F | T

i
CONJUNCTION (A): | 5 >
If p and q are statements, then the conjunction of p and 4 is “p and g”, denoted as 2
i ﬂ“p A q”. . ¥ .‘ ; "

s e 1

Remarks '

o pAgq is true only when both p and q are true. ;
o Ifeitherp orqis false, or both are false, then p A ¢ is false.

T T T

T F F

F T F

F F | F
'E

DISJUNCTION (v) or INCLUSIVE OR

If p & g are statements, then the disjunction ofpand gqis “p
“;’ v qﬂ- .

1
1
|
i

Remarks: ‘.
o p Vv qistrue when at least one of p or q is true. 1

o pV qis false only when both p and q are false. ]

A !

l

b o3

|
|
iin' q”, denoted as

© Copyright Virtual University of PaKistan
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.

TRUTH TABLE FO \Jrg s ' SR et

P
T T T
T F i
F y i

Note it that in the table F i$ only in that row where both p and q have F and all other

values are T. Thus for finding out the truth values for the disjunction of two statements

~ we will only first search out where the both statements are false and write down thc.F =
the corresponding row in the column of p v q and in all other rows we will write T in the

column of p v q.

Remark: _
Note that for Conjunction of two statements we find the T in both the

statements, But in disjunction we find F in both the statements. In other words, we will :
fill T in the first row of conjunction and F in the last row of disjunction.

SUMMARY
1. Whatisa statementi?
2. How a compound statement is formed.
3. Logical connectives (negation, conjunction, disjunction).

-

4. How to construct a truth table for a statement form.

| e owoto STALE
FaF M Pﬁg'ient Of qud

! - apartm

|
|
|
!
|
{
i
i
{

~ © Copyright Virtual University of Pakistan
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: _ , E
3 Lecture No.2 Truth Tables
i ko

; o Truth Tables for:
0 1. ~pagq
i 2. .-»_pA(qv~r).
& 3. (pve) A~(pAg)
Truth table for the statement form ~pAq 1
-;

ICIEIEL

AR R R N
=] |

Truth table for ~pA(qv~1)

I T RS
MRl |lmlala]
S IEIGIEIE I Y
I IEIEIE AR

o B o T e T O B e T e R e B B |
Alalals|wla| |
A O e e N

Truth table for (pvq) A~ (pAQ)

wp il v Ad

v by T F F
¥ |7 | 71 7 T T
F I T 1T/ F T T
- . © Copyright Virtual University of Paki'istan
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2-Truth Tables |

USAGE OF “OR” IN ENGLISH
In English language the ward OR is sometimes us

both),

In the above statement, if

Example: I shall buy a pcﬁEor a book.

if you buy both pen and bobk
statement we use or in inclrsi

in the
used in an exclusive sense (p or q but not both). Asin

The word OR is sometime
below statement

Example: Tomorrow at 9, I’ll be in Lahore or Islamabad. :
> are using OR in exclusive sense because if both the

Now in above statement w.

statements are true, then we have F for the statement.

While defining a disjunctio

symbol v means the “inclusive. OR”

EXCLUSIVE OR:

. . . e Or . .
ed in an inclusive sense (p or 4 oI _ i

i e and
u buy a pen or a book in both cases the state_me:}:"el:b‘;:re
, then statement is again true. Thus we say 1n |

Ve sense.

cH . , the
n the word OR is used in its inclusive sense. Therefore,

- = " A i ”, “n or but not
When OR is used in its exclusive sense, The statement “p or q”means “p 0r q ;

both” or “p or q and not p

Itis abbreviated as p ® q or pXORq

TRUTH TABLE FOR EXCLUSIVE OR

ind q” which translates into symbols as (p v @) A~ PArD

: i T F

1 F i

; F T 1
'F F

!

10

-

T F T F P
o i .
F i F F | F ¥
"
— e © Copyright Virtual University of Pakistan
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2-Truth Tables

Note: Basically
: : p$q (PA~q@Vv(~pAag)
. : - =2pa~v~plAallp A~ q)vq]
a(p vga~({(pPaq
= vaa(~pv~q)

LOGICALE VALE E
If two logical expressmns have the same logical values in thc truth table, then we say that

“the two logical expressions are logically equivalent. In the following example, ~ (~p) is
logically equivalent p. So it is written as ~(~p) = p |

Double Negative Property ~(~p) = p

P =) | =)

T F T

F T F

¥y . &
Example
Rewrite in a simpler form: L 0,
“It is not true that I am not happy.”

Solution:

Let p =“I am happy”
then ~ p = “I am not happy”
and ~ (~ p) = “It is not true that I am not happy

Since ~(~p)=p
Hence the given statement is equivalent to “I am happy

-

' Example

Show that ~ (px\q) and ~p A~ q are not logxcally cquwalent
Solution: | |
pla|~|~a| pra|~@rD) | ~PAiq
T|T|F|F | T F F|
TIF| F 1 F X F
FIT|T|{P{ F T F
FIFPF| T T 1 P T
a

T

Different truth values in row 2 and row 3

© Copyright Virtual University of Pakistan
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. DE MORGAN’S LAWS

1) The negation of an AND statement is logically equivalent to the OR statement in

which each component is n

égatcd.

Symbolically ~(pAQ)r~pv~q

2) ‘The negation of an OR statement is logically equivé.lcnt to the AND statement in
which each component is negated. ¢ ‘

Symbo

ically ~(pvq=~pa~q

Truth Table of ~(pvq)=ipA~q

P q ~p | 19 pva ~(p v Q) ~p A~
.1 7T F F T F F
- F F T T F F
r T T F - T F F
Bl B} 3400 F oS L
Same truth values
APPLICATION: ' -

Give negations for each of
a) The fan is slow or i
b) Akram is unfit and

Solution:
a) The fan is not slow

he folloWing statements:
t is very hot.
Saleem is injured.

and it is not very hot.

b) Akram is not unfit or Saleem is not injured.

INEQUALITIES AND DEMORGAN’S LAWS:

Use DeMorgan’s Laws to v
-l1<x

Here, -1 <x £4 means x >
The negation of (x>-1ar

' We can explain it as follows:

Suppose p: x>-1
q: x<4
~p:xs-l
~q:x>4

yrite the negation of -
<4 for some particular real number x

~landx<4
dx<4)is (x<-10R x>4).

ND x<4

The negation of x>-1A

= ~(pna)

1

© Copyright Virtual University of Pakistan
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2-Truth Tables
 =pwvag By DeMorgan’s ’Law, 5
= x<-10R x>4

EXERCISE:

1 Showthat(p AQ) AT=pPA(QAT)

2. Are the statements (pAq)vrand pA(qvr) logica111,r equivalent?

TAUTOLOGY: :
s of the truth values of the

A tautology is a statement form that is always true regardles
statement variables. A tautology is represented by the symbal *“t”.

EXAMPLE: The statement form p v ~ p is tautology

p ~P pv~p
1 F T
F T ¥ &
pv~p=st
CONTRADICTION: - o :
dless of the truth values of

A contradiction is a statement form that is always false regar
the statement variables. A contradiction is represented by the symbol “c”.

So if we have tq' prove that a given statement form is CONTRADICTION, we will make
the truth table for the statement form and if in the column of the given statement form all

the entries are F, then we say that statement form is contradiction.

EXAMPLE:
The statement form p A ~ p is a contradiction.
Gl 4 PA~DP
T F
F T F

Since in the last column in the truth table we have F in all the entries, so it is a

contradiction i.e. pA~p=c

REMARKS: _ }
— Most statements are neither tautologies nor coptradictions.

— The negation of a tautology is a contradiction and vice versa,
In common usage we sometimes say that two Statement are contradictory.

By this we mean that their conjunction is a co:%.tradiction:- they cannot both
. be true.

I
!
j'
i
t
i

13 Ve

: |
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|
|
I

LOGICAL EQ UIVALEN (iiE INVOLVING :[AQI TOLOGY

I.Showthatp;\tap

-

p t DAt
T 3
.F . T " F

- Since in the above table the kntries in the first and last columns are identical so we have
the corresponding statement forms are Logically equivalent that is
PAt=p Ty '

LOGICAL EQUIVALENCE INVOLVING CONTRADICTION

Showtha; PAc=c

c pac
F
E o ¥

There are same truth valueslin the indicated columns, so pPAc=c

EXERCISE: ; e
Use truth table to show that(pAq) v (~pv (pa~q))is a tautology.
SOLUTION: Ui _

Since we have fo show that the given statement form is Tautology, so the

column of the above proposition in the truth table will have al] entries as T. As clear from

i

the table below i

I p q ==le f‘P 9§ PA~q | ~pv(pA~q) PAqQv
i __(pvpa~q)
T T T [F I F F F T
T | F F [F [T T T T
FI T F IT F F T T
F F F 5T T F T T

Hence (pAq)V(ﬂupV(p;Iqu))Et

EXERCISE: |

~ Use truth table to show thaf (P A ~9) A(~pva) is a contradiction,

© Copyright Virtual University of Pakisgn ————————_ 14
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SOLUTION:

_E _Since we have to show that the given statement fotn is Contradiction, so its
} column in the truth table will have all entries as F. As clear from the table below.
= ' p q =9 pA~q ~p ~pvgq (pA~qQ)A(~pvg)
&5 .1 § K F F: i F
! T1 F 1 1T = = - . ns
FI| T F F T 7 F
F F T F T v ¥ F
LAWS OF LOGIC .
| - ' dINaa
1) Commutative Laws 44 p,,
PVq =qvp - e 0s o , | A\?Q
; “i.. Doy
2) Associative Laws B

(PAQ ) AT =pA(qAr)
(pvq) vr =pv(q vr)

: 3) Distributive ngs
PA(qvr) =(paq) v( par)
pv(q Ar) =(pvq) A( pvr)

4) Identity Laws
pAat=p
pvc=p

5)N egaﬁon Laws
pv~p=t
pA~p=c

6) Double Negation Law
~{=p)=p-

7) Idempotent Laws
PAP=D
PVP=p

8) DeMorgan’s Laws
~(pngq) =~pv~q
~(pvq) =~pa~q

) |

9) Universal Bound Laws ]
pVvt=st ‘I

pAC =¢ |
|

I
|

15
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2-Truth Tables }
10) Absorption Laws
Pv(p Aq) =p R
PA(P vq) =p
11) Negation of t and ¢
~t=¢
~Cc=t
'TNAM PHOTO STALE
=+ Nepartment of Food
re-ence & Technology

16
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3-Laws of logic

|

Lecture No.3 Laws of Lb_gic

APPLYING LAWS OF LOGIC 1
Using law of logic, simplify the statement form \
|

iz pv~(~pAq)]
Solution: : - r
pVvI~(~pA Q)] =p Vv [~(~p) v (~q)] DeMorgan s Law
=pv [pv(~q)] - DoubleNegative Law: ~(~p) = p
= [p v plv(~q) Assocultwc Law for v
=pv(~q : ]dempo_itent Law: pvp=p

That is the simplified statement form.,

Example: Using Laws of Logic, verify the logical equwalerrxce

~(P ADAGVD=p |

Solution: .
"‘("‘P AQ A (PVQ) =(~(~p) v~ AlpVvQ DcMmJ-gan’s Law
=(pv~q A (pvq Doublée Negative Law
=pv(~qAQ) Distributive Law
=Epve Negatldn Law
=p Idcntnty Law
SIMPLIF YING A STATEMENT 5

“You will get an A if you are hardworking and the sun shlnes or you are hardworking
and it rains.” Rephrase the condition more smply i

Solution: i
Let p=“You are hardworking’ L

q = “The sun shines”
r = “It rains”

Thel conditionis (pAqQ v (p A rj
Using distributive law in reverse,
PArQVvParn=pAa(qvr)

Putting p A (q v r) back into English, we can rephrase the given sentence as
“You will get an A if you are hardworking and the sun shines or it rains.

EXERCISE:

_Use Logical Equivalence to rewrite each of the following sentences more simply.

1.It is not true that I am tired and you are smart. i
{I am not tired or you are not smart.} :

2.It is not true that I am tired or you are smart. !i
{I am not tired and you are not smart.}

31 furgot my pen or my bag and I forgot my pen or my glasses

~ {I forgot my pen or I forgot my bag and glasses. |

© Copjrright Virtual University of Pakistan
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3-Laws of Logic

i
f
4.1t is raining and I have fi frgotten my umbrella, or it is raining and I have

forgotten my hat.
{It is raining and I have forgotten my umbrella or my hat.}

CONDITIONAL STATEMENTS:
Introduction

Consider the statement:
"If you earn an A in Math, then I'll buy you a computer."”
This statement is made up of two simpler statements:

p: "You earn an A in Math"
q: "I will buy you a computer."

The original statement is then saying :
if p is true, then g is true, ot, more simply, if p, then q.

~ We can also phrase this as implies q. It is denoted by p = q.

CONDITIONAL STATEINIIENTS OR IMPLICATIONS:
If p and q are statement vlriables, the conditional of g by pis “If p then g”
or “p implies q” and is der‘oted P q.

p — q is false when p is tru¢ and q is false; otherwise it is true.

The arrow "— " is the conditional operator.
In p = g, the statement p is called the hypothes:s (or anteced ent) and q is called the

conclusion (or consequent}.

TRUTH TABLE:

=~ |*o

||~
Sl m =]

|

PRACTICE WITH C ON]jITIONAL STATEMENTS:

Determine the truth value of each of the following cond1t1onal statefnents

1 “If1=1,then3=3" | TRUE
2.“If1=1,then2=3" | FALSE
3.“If1=0,then3=3" | TRUE
4.“If1=2,then2=3" | TRUE
5. “If1=1then1=2and2=3" FALSE
TRUE

6. “If1=30rl1=2then3=3."
f

. i

i
!

© Copyright Virtual University of Pakistan -
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|

ALTERNATIVE WAYS OF EXPRESSING IMPLICATIONS:

The 1rnphcanon p — q could be expressed in many alternatiye ways as:
*“if p then q” *“not p unless q”
*“p implies q” +“q follows from p”
o f P, qn. .ﬂq ifp"
- «“ponly if q” o *‘q whenever p” \
*“p is sufficient for q” +"q is necessary for p”
I
EXERCISE; *

Write the followmg statements in the form “if p, then q” in Enghsh
a)Your guarantee is good only if you bought your CD less than 90 days ago.
If your guarantee is good, then you must have boughf your CD player less
than 90 days ago.
b)To get tenure as a professor, it is sufficient to be world-funous.
If you are world-famous, then you will get tenure as a professor.
¢)That you get the job implies that you have the best credentials.
. If you get the job, then you have the best credentials. }
d)It is necessary to walk 8 miles to get to the top of the Peak.
If you get to the t0p of the peak, then you must have walked 8 miles.

|
TRANSLATING ENGLISH SENTENCES TO SYMBOLS:
Let p and q be propositions:
= “you get an A on the final exam”
q = “you do every exercise in this booi:”
r=‘“you get an A in this class” '
: |
Write the following propositions using p, q, and r and logicali: connectives.

e E
1.To get an A in this class it is necessary for you to get an A f)n the final.

' SOLUTION por

2.You do every exercise in this book; You get an A on the ﬁnal implies,
you get an A in the class.
SOLUTION PAQ—T

3, Getting an A on the final and doing every exercise in this book is sufficient

For getting an A in this class. |

i
~ SOLUTION pAgq—T : |
- ? {

TRANSLATING SYMBOLIC PROPOSITIONS 'TO ENGLISH;
Let p, . and r be the propositior:s:

p = “you have the flu”

q = “you miss the final exam”

r = “you pass the course” :
Express the following propositions as an English sentence.
1. p—q
If you have flu, then you will miss the final exam. }

|

2. ~q=r

19
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3.

é
i
|
L
t
!

If you don’t miss the!final exam, you will i)ass the 'co'urse..

~PA~QT
If you neither have flu nor miss the final exam, then you will pass the course.

HIERARCHY OF OPERATIONS .
FOR LOGICAL CONNECTIVES

(negation)
*A (conjunction), v (disjunction)
+— (conditional)

[ T

Example: Construct a truth

table for the statement form pv~q-— ~p

p|{ a|~] P pv~q | pv~q—=>~p
q -
r] T lEB F T F
TLE T F T F
13T 1R T F T
F1°F 1T T T T

Example: Construct a truth

table for the statement form (p 2PA(~p—1)

plalr| p=q | ~p | =1 | (PoA(p—D) l i
it T | F| T T (NAM PHOTO SIAL
. i . = nepal't“"e“t of Fo
TITIF| T F T T 'bme“ce&rechnoiogv

T(Fl{T| F | F o F '
|F|F| F | .F| T F
Flrfr| T | T | T T
FlT|F| T | T | F F
elelT] T | T T T
FlE|F| T | T | F ¥

|

|

20
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_ LOGICAL EQUIVALENCE INVOLVING IMPLICATION

Use truth table to show p—>gq=~q — ~p ;
Pl a | ~a|~ |p>q| ~qo~p
T| T F F | T p
T| F T F F F
FlT|F [T 4
_ T T ’“5:)4’3'@
PIEITI T LY 3 Se, Do o
: 10, Parg 0’y Q
GC/) ’Q,p‘(;,'s
70,0, i
% 09“’ &
e . same truth values !
Hence the given two expressions are equivalent. :
IMPLICATION LAW t
: p—q=-~pvq
p q P Ly ~Pva .
T 1 . Gl F : §
/ 8 F F F F
F T T IT T
F F T T T

_ same fruth values
NEGATION OF A CONDITIONAL STATEMENT:

Since . p—>q=~pVvq

So ~(p—>q)=~(~pVv9 ,
=~(~p)Ar(~9 by De Morgan’s law

by the Double Negative law

=pAa~q

s i
Thus the negation of “if p then q” is logically equivalent to “jp and not qQ”.
Accordingly, the negation of an if-then statement does not s:iart with the word if.

Write negations of each of the following statements:
1.If Ali lives in Pakistan then he lives in Lahore.
2.If my car is in the repair shop, then I cannot get to class. l
. 3.If x is prime then x is odd or X is 2. : !
4.Ifn is divisible by 6, then n is divisible by 2 and nis divisible by 3.
| | ' | %, . 5 B o

EXAMPLES |
|
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3-Laws of Logic

SOLUTIONS: ' ! -
1. Ali lives in Pakistan and he does not live in Lahore. . S .
2. My car is in the repair shop and I can get to class. '

3. x is prime but x is not od{ and x is not 2.

4, n is divisible by 6 but n is not divisible by 2 or by 3.

INVERSE OF A CONI ITIONAL. STATEMENT:

The inverse of the conditional statement p — q is ~p — ~q

A conditional and its mvcrs? are not equwalent as could be seen from the truth table.

i

P k! " 5 ~q ~p —~q
X F F
i F F T
F T T F
F F T ; §
~ different truth values in rows .2 and 3
WRITING INVERSE: .

1. Iftoday is Friday, ri:eni.z +3=35.
If today is not Frida);f, then2 +3#5.

|
2. Ifit snows today, I will ski tomorrow.
If it does not snow téday I will not ski tomorrow.

1

3. IfPis asquare, then P isa rectangle
IfPisnota square then P is not a rectangle.

4. Ifmy caris in the repatr shop, then I cannot get to class.
If my car is notin thife repair shop, then I shall get to the class.

[
i
i

CONVERSE OF A CONDITIONAL STATEMENT:

The converse of the conditi(;mal statement p — q is ¢ —p.

A conditional and its convefse are not equivalent. i.e., = is not a commutative operator.

22
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3.1 aws of Logit

3. IfPis asquare, then P is a rectangle.

‘1LIf today is Friday, then 2 +3 = 5.

p—q | 4P

not the same
WRITING CONVERSE:

1.Iftoday is Friday, then 2+ 3 = 5,
If 2 + 3 =5, then today is Friday.

2.If it snows rodéy, I will ski tomorrow.
I will ski tomorrow only if it snows today.

IfP is a rectangle then P is a square. | '

4. Ifmy caris in the repair shop, then I cannot get to class
IfT cannot get to the class then my car is in the repan' shop.

CONTRAPOSITIVE OF A CONDITIONAL STATEMENT

The contra-positive of the conditional statement p — qis ~q — ~p

‘A conditional and its contra-positive are equivalent.
Symbolically p—q=~q— ~p

If 2 + 3 # 5, then today is not Friday.
2.If it snows today, I will ski tomorrow.

I will not ski tomorrow only if it does not snow today.
3. IfPis a square, then P is a rectangle. ‘

IfP is nota rectanglc then P is not a square.
4. If my car is in the repair shop, then I cannot getto class.

IfI can get to the class, then my car is not in the repair shop.

EXERCISE:
1. Show that p—>q=~q—>~p  (Use the truth table.)
2. Showthat > p=~p—>~q (Use the truth table.)

23.
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Lecture No.4 Biconditional

]

BICONDITIONAL

If p and q are statem;ent variables, the biconditional of p and q is “p if and only if q”.

It is denoted pe>q. “if'and only if” is abbreviated as iff.,.
The double headed arrow " J " is the biconditional operator. : ¥

TRUTH TABLE FOR p¢+>

Pl 4 p <*q

i} ¥ T

] F F

F| T F

rs ¢ T
Remark:

o p ¢ qis true only when p and q both are true or both are false.
o p <> qis false when ¢éither p or q is false.

EXAMPLES:
Identify which of the following are True or false?

1.“141 = 3 if and only if earth is flat”
TRUE

2. “Sky is blue iff 1 = 0"
FALSE

3. “Milk is white iff birds lay eggs”
TRUE :

4, “33 is divisible by 4 if a
FALSE |

5. “x > 5 iff x2 > 25” |

FALSE I[

REPHRASING BICONDITIONAL:
: |

nd only if horse has four legs” .
I

,[
pe>q is also expressed as: |
|

"

o “pis necessary and sufficient for q
o “Ifp then g, and conversely”
o “pisequivalent toq/ :

|
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b

Example: Show that p ¢» g = (p—3q) A (g p)

’ 1 [POa] pq | gop | (P-QAEG-P)
T T -7 % % | T
T B ¥4 ¥ T | F
F HEER. F ' F
F F T1 T T | T
%
T same truth values ; T
EXERCISE; 1'

Rephrase the following propositions in the form “p if and orily ifq” in Enghsh

1. Ifit is hot outside, you buy an ice cream cone, and if you buy an ice cream
cone, it is hot outside.

Sol . You buy an ice cream cone if and only if it is hot outside.

2. For you to win the contest it is necessary and sufficient that you have the
only winning ticket. -

Sol You win the contest if and only if you hold the only wini nng ticket.

3. If you read the news paper every day, you will be informed and conversely.
Sol You will be informed if and only if you read the news paper every day.

4. It rains if it is a weekend day, and it is a weekend day if it rains.
Sol It rains if and only if it is a weekend day. |
3 1

5, The train runs late on exactly those days when I take 1f
Sol The train runs late if and only if it is a day I take the train.

6. This number is divisible by 6 precisely when it is dxvmble by both 2 and 3.
Sol This number is divisible by 6 if and only if it is divisible, Eby both 2 and 3.

TRUTH TABLE FOR (p->q) & (~ 4—> ~p)

Plad|p>q|~q|~p]| ~q—>~p (pw‘#q) & (~ g ~p)
™Iyl T |V |® ;4 | T
T|F| F |T|F F T
F(T| T |F|T T | T
PlEl T 1% T T

|
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|

!
|

TRU']I‘HTABLEFOR(pﬁq)'H(qu)

P q }‘ p<>q r<q (p 9)e(re>q)
S B T A
| T | F T F O
ok F F T
T| F | F F T F
gl F T F
F| T |F F F T
F| F [T T F F
F| F | F T T T
TRLTH TABLE FOR p A ~r <—) qvr
HcrepA~r<—)qumcans;pf\(-r))(—)(qu) |
plal r || par | qur | pA~TEQVE
TITIT el BT F
il p et T
Tl T IR L BT F
TiFl F T {0 F F
F(T[(T|F| F T F
F|T|F|T| F T F
F|F|T|[F| F T F
F|F|F|iT| F | F | T
|
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LOGICAL EQUIVALENCE INVOLVING BICONDITFONAL

Example: Show that ~p «> q and p <> ~q are logically eqtlivalent.

plal ~» |~a|~eq|peo~ E
{?{ F | R F F
L l-TP T .3
el ] 7 T §
EIFI T[T F F E
PRS-
same truth values '

Hence ~p <> q = p © ~q

EXERCISE: - ;
Show that ~(p@q)-and p<>q are logically equivalent. |
P 19| p9q | ~(®q) | peq
3 1< ¥ T N .
T|F| T F F ;
F|(T| T F 'F |
rirp F T T
P ]

same truth values

Hence ~(p@q) = p&q

LAWS OF LOGIC: ‘
1.Commutative Law: peq=qep : '
2.Implication Laws: p—>q=~pVvq 1

3 Exportation Law: pAag-=r=p—{q —3'1]5

4 Equivalence: peq=(—->92(q ""fp)

5.Reductio ad absurdum p—q =(pA~q) —¢
APPLICATION:

Example: Rewrite the statement forms without usin g the symbols — or <>
. pA~g=r

2. (por)e(gq-r)

: . ii 27
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1
i

Solution: ;
l. pa~g-r=(pA~q)—>r| Order of operations
=~(pA~q) \)i r Implication law

2. (pone(q-on=(pVv 1[') & (~qvr) Implication law
=((~p V) 2(~q VD] A[(~qVv 1) >(~p VI)]
Equivalence of biconditional
=[~(~pvD)V(EqVvD]A[{~qvD Vv (~p V)]
Implication law
nent form ~p v q — r v ~q to a logically equivalent form

Example: Rewrite the st:atei

that uses only ~ and A. | .
Solution: o Di
l\fn‘.‘ar o\ﬂ\ﬁ?‘n
i 14
STATEMENT REASON S‘-‘fenc:a"fm.«“__ s s
~pVaQ=rv~q Given statement form & ; e
=(~pve->0v~g Order of operations Mooy

=~[(~pv@A~({TVv~q)] | Implicationlaw p->q=~(pA~q)

=~[~par~qQ) A(~rAq)] | DeMorgan’s law

Example: Show that ~(p—>q) - pisa tautdlogy without using truth tables.

Solution: y
STATEMENT | REASON.

- ~p—>9-p | Given statement form
=~[~-(pA~q)]>p i Implicationlaw p—>q=~(p A~Q)
=pA~@Q—>p | Double negation law
=~pA~QVp i Implication law p—>q=~pvq
=(~pvq@vVp : ; De Morgan’s law
=(qv~p)Vvp : -Commutative law of v

" =qv(~pVvp) : Associative law of v
=qvt . Negation law
=t Universal bound law
EXERCISE:

Suppose that p and q are statements so that p—q is false Find the truth values

of each of the following:

l~p =q

2pvq

3qep

SOLUTION -'

Hint: ( p—q is false when p is true and q is false.)

1.TRUE

2.TRUE
3.FALSE ENﬂ.rf‘i PHOTO STALE
. | “epartment of Food

1 -
suiklive & mﬂ‘%{‘.sl"‘"‘-

28
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5-Arguments ' : ‘

¢
L
1
3

Lecture No.5 Argumeﬁt
Before we discuss in detail about the argument, we first conilder the following argument:

|

An interesting teacher keeps me awake. I stay awake in Discrete Mathematics class.

Therefore, my Discrete Mathematics teacher is interesting. E
I
1

Is the above argument valid?

ARGUMENT:
An argument is a list of statements called premises (or assu mptmns or
hypotheses) followed by a staternent called the conclusion. |

P1 Premise !
P2 Premise -
P3 Premise

Pn Premise

..C  Conclusion

NOTE: The symbol .". read “therefore” is normally placed just before the conclusion.
I

VALID AND INVALID ARGUMENT: E

An argument is valid if the conclusion is true when all the p remises are true.

Alternatively, an argument is valid if conjunction of its premises imply conclusion.

That is (P1A P2 AP3 A. .. APn) — Cis a tautology. |

An argument is invalid 1f the conclusion is false when all the prcmlses are true.

Alternatively, an argument is invalid if cbnjunctlon of its prémises does not imply

Critical Rows: The critical rows are those rows where the premises have truth value T.
i 1

EXAMPLE:Show that the following argument form is valici:

" SOLUTION

p—q
p
- q

prcn'llses A_l coluclusion

piq ->q p q

15 R ¥ critical row
T|r| F T | F e
FIT T F T

F|F : F F

[
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5—A:gumént

Since the conclusion q is tru!e when the premises p—q and p are True Thercfore it. 1s a
valid argument.

|
EXAMPLE 'Show that Ll?e following argument form is invalid:

pq
j q
, Sop
SOLUTION : l_ premisIs : Ionclusion
1 _ P—q q
T [T |
T |F critical row
A R
F |F| T B[R9
In the sccond critical row, the conclusion is false when thc premises p—>{] and q are true.
Therefore, the argument is invalid.
EXERCISE : , g Fa
Use truth table to determmc the argument form INAM PHOTO ST A’[E
L : : Moaar ) tment of Food
e ».2ar Nepartment o _
e - su.eate & Technology
p—r - |
LT
is valid or invalid. :
' ' r_ premises Tconclusion l
pvq p—~q p—r r

T { T F B e critical rows

s ey I Moo I e o B L B L B I B R
Hldhbl=—L|=_lmE3] - |a
R R RN R R N A -

30
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-S-AIMent i I : . ; VU :

In the third c_ri.ltic_:al row, the conclusion is false when all the ;iiremises are true. Therefore,
the argument is invalid. ' |

The argument form is invalid ]
WORD PROBLEM ’1

If Tariq is not on team A, then Hameed is on team B,

If Hameed is not on team B, then Tariq is on team A.
. Tariq is not on team A or Hameed is not :

Oa— | E0 on team B.

Let '

t = Tariq is on team A
h = Hameed is on team B
Then the argument is :
~t—=>h - 5
~h—>t . _ i
S~tv~h

| | = =] -
=] 01 =

1 F 1

Argument is invalid because there are three critical rows.

(Remember that the critical rows are those rows where the premises have truth value T)
and in the first critical row conclusion has truth value F.

(Also remember that we say an argument is valid if in all critical rows conclusion has
truth value T)

EXERCISE _ -
If at least one of these two numbers is divisible by 6, then thé product of these two
_numbers is divisible by 6.
Neither of these two numbers is divisible by 6.
». The product of these two numbers is not divisible by 6.
SOLUTION ?l
Let d=  atleast one of these two numbers is divisible by 6.
p=  product of these two numbers is divisible by 6.
Then the argument become in these symbols ,
d—p |
asid |

- |

We will made the truth table for premises and conclusion asigi'vcn below

|
| 31

© Copyright Virtual University of Pa'ikistan

I A e

Scanned with CamScanner


https://v3.camscanner.com/user/download

S-Argumcnt VU

2l Bt el B
e e el B ] e

T

the premises are true. Therefore, the

I .';.,._ i |:,L'1‘ i
|
In the first critical row, the tonclusion is false when
argument is invalid.

EXERCISE
If I got an Eid bonus, I'll by a stereo.
If I sell my motorcycle, I'll buy a stereo. :

" IfI get an Eid bonus or I sell my motorcycle, then I’ll buy a stereo.

SOLUTION:
Let
e= I, ot an Eid bonus _ |
;_=IE$T¥11;ﬁ;f§rcycle ]——-—-———NAM pHOTo §—TATE
The argument is Near Department of Food
e—s Science & Technology
‘m-—>s
Levm-—>s i
€| S |im}J e—s evm evm —s
, T T T =
TL piF T
T|.F |IiT T
T|F [[F T
FIT|T T
FIT|IF F
FIF|T T

The argument is valid because in the five critical rows, the conclusion is true.

EXERCISE |
An interesting teacher keep;s me awake. [ stay awake in Discrete Mathematics class.

Therefore, my Discrete Mathematics teacher is interesting.
[ ;

i
!

!
t =My teacher is interesting
a = [ stay awake |
m = I am in Discrete Mathematics class

Solution:

The argument to he tested is
|
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t —~> a,
. aam
Therefore mat

t|l a|l m- 4
TiTL T°
T P !
TIF| T ’
T F F
EITI T
F|T| F
FIPl T
F|F| F T F F ;
i

[

In the second critical row, the conclusion is false when the premises are true. Therefore,
the argument is invalid. ' :
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