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AL Course Objective:

a2

i | Express statements with the precision of formal logic B
g 2_Analyze arguments to test their validity

3 3. Apply the basic propertics and operations related to sets

|

4.Apply to sets the basic properties and operations relaied to relations and functions
5 Define terms recursively .
&.Prove a formula using mathematical induction '
! 7 Prove statements using direct and indirect methods
! §.Compute probability of simple and conditional events
9. dentify and use the formulas of combinatorics in different Fmbl:m
. ] 10.Tlustrate the basic definitions of graph theory and properties of graphs .
e 11.Relate each major topic in Discrets Mathematics to an application arca in computing
|

LRecommended Books:

| Diserste Mathematics with Applications (second edition) by Susanna 5. Epp
2 Discrets Mathernatics and Its Applications (fourth edition) by Kenneth H. Rosen
1 Discreic Mathematics by Ross and Wright |

MAIN TOPICS:

1. Logic

2. Sets & Operations on seis

3, Relations & Their Properties
4, Functions

5, Bequences & Series

&, Recurrénce Relations

7. Mathematical Induction

8. Loop Invariants 1
9. Loop Invariants

10. Combinatorics

11, Probability

12, Graphs and Trees A

Disczete Stvactuves

. Continuous
. Discrete |
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What is Diserete Mathematics?
Discrete Mathematics concems processes that consist of a sequence of individual steps.
LOGIC:

Lagic s the study if the principles and methods that distin guish between a
valid and an invalid
EMENT:

A& statement is a declarative sentence that is either true or false but not bath.
A staterent 15 also refi to as a proposition

EXAMPLES:

a. Ml1=4'
b. It is Sunday today

If = proposition is true, we say that it has = truth value of "trus™,

I & proposition is false, its truth vahie is "false”.

The truth values “true™ and “false™ are, respectively, denoted by the letters Tand F.
|

E‘%"mm I Mot Propositions
1) Grass is green. 1} E‘l_l:m: the doar. '
2) 4+2=6 &) xls_gr:.-.uml_hanz,
3) 442=17 3} Heis very rich

4) There are four Eug!::rs in a hand.

_— |

If the sentence is preceded by other sentences that make the pronpun or variable reference
clear, then the sentence is & statemnent.

d Example
Enmgl;. | ==
x=1 ! Bill Gates is an American
x=2 ' He is very rich
“x > 2" iz a statement with truth-valye “He is very rich” is a statement with truth-
FALSE. : value TRUE.

i
I
i
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UNDERSTANDING STATEMENTS

1) x+ 2is positive.
2) May I eome in?

1) Laogic is interesting.
4) Itis hot todny.

£ -1>0

6 x+y=11

COMPOUND STATEMENT;
Simple statements could be used to build a compound statement.

LOGICAL CONNECTIVES
EXAMPLES:

Mot a stalement
Mot a statement
A sfalement
A statement
A statemient

Mot n statement |

1. “3+21=5"nnd “Lahore is a city in Pakistan™
2. “The grass is green” or * [t is hot today™
1. ‘“Discrets Mathematics is not difficult to me"

AND, OR, NOT are called LOGICAL CONNECTIVES.

SYMBOLIC REPRESENTATION
Sistements are symbolically represented by letters such as p, q,. -

EXAMPLES:

p="Islamabad is the capital of Pakistan™

g="17is divisible by 3"

Negation not ~ ‘il'ilde
Conjunction and A Il‘htl
Digjunction ar v Vel
Conditional if...then... —> Arrow
Biconditional If and only if > E:Juuble ATTOW

A s e e F

© Copyright Virtual University of Pakistan
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EXAMPLES

p = “Islamabad is the H.]:ll'Jﬂl of Pakistan™

g = "17 iz divisible by 3*
P oocog = "Islamabad 2 the ¢
v og="Islamabad {5 the ¢

pital of Pakistan and 17 is divisible by 3"
tal of Pakistan or 17 is divisible by 3"

~p="Ttis net the case thatIslamabad is the capital of Pakistan"

or simply  “Islamabad is

t the capital of Pakistan™

IRANSLATING FROM ENGLISH TO SYMBOLS

Let p="ltis hot", and q =|" It is sunny"

-

| SYMBOLIC FORM

1.1t is not hot. ~p
Z.Itis hot and sunny. p A
3.1t iz hot ar sunny, A |
4.1t is not hot but sunny, ~ P Ag
5.1t is neither hot nor sunny. ~pAa~q
EXAMPLE
Let h ="Zia is healtly"

w ="Zin i5 wealthy"

s="Zia is wisc"

Translate the compound statements to symbolic form:

1} Ziz is healthy and \éﬁlﬂ]}r biat not wise.
2) Zia is not wealthy but he is healthy and wise.

3) Zia is neither healthy, wealthy nor wise,

(h A w) A (~5)
~walhas)
—hA—=WA—5

TRANSLATING FROM §YMBOLS TO ENGLISH:

Let m="“Aliis good inMathematics”
o= “Ali is a Computer Science student™

Translate the following ste

1) ~¢
2) evm
J) ma=c

rement forms into plain English:

Alii.% not a Computer Scicnce student
Al i5 a Computer Science student or good in Maths,

Ali is good in Maths but not a Computer Science student

A convenient method for a:n:l!:rz:ins a compound statement is to make a truth

table for it.

Truth Table
A truth table specifies

I :
truth value of a compound proposition for all

possible truth values of itsjconstituent propositions.

&)
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NEGATION (~); |

If p is & statement varisble, then negation of p, “mor p*, 18 -:hlwud as “-p" :
1t has opposite truth value from p i.e., if p is true, then —p is false; if p is false, then ~p 13
true.

" I fo s iin s 4
ﬂ‘:' AL R ! EL :: b E -
1.1_' i R U i
eer i L | b
e S Bist

If p and g are statements, then the canjunction of p and g is “IF and g*, denoted as :
“pagh ; :
Remarks i
o pag istrue only when both p and q ars true. i
o Ifeither p or qis false, or both are f2lse, thenp s g is‘!falsu.

TRUTHTABLE FOR DA q |

Sl B plt A e SRR b (ol deg!

m ] -
[ |l
IR

| L]

I M () or R |

If p & ¢ are statements, then the disjunction ofp and ¢ is %p brg”, denoted 2s
Ty aa
PYae. |

Remarks: :
o pw s true when at least one of p or q is true,

o pv g is false only when both p and q are false, |
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K F F

T

Note it that in the table F iz only in that row where bath p and g have F and nlb gt

values are T. Thus for finding out the truth values for the disjunction of two st: .

 we will only first search ou} whers the beth statements are false and write down the F in
the corresponding row in the column of p v q and in all other rows we will write T in the

column of p v g,

Remark:
Note that for Conjunction of two statements we find the T in both the "
statements, But in digjunction we find F in both the statements. In other words, we wl

fill T in the first row of conjunction and F in the last row of disjunction.

SUMMARY
1. Whatis a slatemen
2. How a compound statement is formed, e
1. Logical connectives (negation, conjunction, disjunction).
4 How to construct a truth tabls for a statement form.

© Copyright Virtual University of Pakistan
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2-Truth Tables

i Lechire No.2
- Truth Tables for;
1. ol L |

i 2., ~palgv=~r
3. (pvg)A=(pag)

Truth Tables

Truth table for the statement form ~p A g

: A <paa
i T |T|F

T |F| F
FlT| T
p |[B] T

m || m |

T}uﬂx table for ~p a(gv~1)

S5, E T

b

: q : .I_. s ._g;_.-:r.. I_IquH r.-\. +

] Pt
i

=i

T .._E;_n.-.

't:_'_.:" .t
L

= | B

I IR
IR EIE

miafmalm|alm|al o

T
T
i
T
¥
F
¥
F

Hlm=EglAlESlmial4ak

e B e s B el s

Truth table for (pvg) A = (pag)

Tova | o

ey A~ (pAd)

T T

F

i F

mlm| A==
||| la
|—l

F F

T3] ™
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E 1Y 5 H
ﬂﬁ?ﬂ”ﬂh language the ward OR is sometimes used in an inclusive sense (p or 4 67

Example: I shall buy a ped or a book. !
In the above statement, EE%: buy a pen or a book in both cases the statement l"lmfm i
if you buy both pen and , then statement is again true. Thus we say in the 8
statement we use or in inelisive sense.

The word OR is sometimes used in an exclusive sense (p or g but not both). Asin the
below statement

E.E!!_Lﬂ].l.‘.i Tomorrow at 9, I'll be in Lahore or Islamabad.
Now in above statement we are using OR in exclusive sense because if both the

statements are true, then wl: have F for the statement.

While defining a disjunctidn the word OR is used in its inclusive sense, Therefore, the
symbal v means the “inclusive OR"

EXCLUSIVE OR: )
When OR is used in its exclusive sense, The statement “p or g means "p or q but not
both™ o “p or g and not p 4nd q" which translates into symbols as (p v @) A ={p A @)
Itisahhmiamdasp-&:qu}:ﬂRq '

EFORE IVE

— © Copyright Virtual University of Pakistan
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HIH-E:EH{EI“}I'
pEgEpa~qivi=paq)
# pa~qlv=plalipa~q)vql
m{p vgla=(pag)
Bp voa(~pv=n)

LOGICAL EQUIVALENCE
If two logical expressions have the same logical values in the truth tabie, then we sy that
the two logical ::pruslnn: are logienlly equivalent. In the fo Inﬂmg example, ~ (~p ) is

logically equivalent p. 3o it is written ns ~(~p) = p

Double Negative Properly ~(~p) = p

~p | ) i
F T
s

i
| |
|

.'-r]'--q.ﬂ

e

e
P
L

Example
Rewrite in a simpler form:

“It is not true that [ am not happy.”
Solution:

Let p="Tam happy"

then - p ="l am not happy™

and ~ (~ p) = “It is not true that | am not happy™

Since ~(~p)=p

Hence the given statement is equivalent to “I am happy’

Example
Show that ~ (pag) and ~p A = g are not logically =qui1.faI=T

Solution:

plal-p|-a| pa| 0| Pt
TIT ]| F F T F F
T| P F T F T F
i B S (I F F T F
FilF T i i3 F T 3

o

L
.
i

Different truth values in row 2 and row 3

11

& Copyright Virtual University of Pakistan
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DE MORGAN'S LAWS

1) The negation of an statement i logically equivalent to the OR statement in

which each component is négalzd,

2} The negation of an OR

ment is logieally equivalent to the AND statement in

which ench component is negated,

Symbolically ~(pvqle~pa~q

Truth Table of ~(pvgd=tpa=qg

P q -p 1 pvd ~{p v a) ~p A4
T T F i s F F
f1¥8 |2l ] T F i
F T T F ¥ F F
F | F T 1§ F T T
Same truth values
APPLICATION:

Give negations for each of the following sfatements:

a) The fan is slow or il is very hot.
b} Akram is unfit and Saleem is injured.

Solution:
a) The fen is not slow

nd it is not very hot.

b} Akram is not unfit or Saleem is not injured.

IN

Use DeMoargan's Laws 10

f
L AND DEM N'S s

ite the negation of

-1 <x%4 for some particular real number x

Here, -1 <x <4 means x -1 and x= 4
The negation of {x>-I andx<d4)is ( xs-10R x>4).

Suppose p: x>-l
q: xS 4

~p: xs=l i
~g:x>4

We can explain it a3 fullnT:

The negation of x>-1AND x54
= ~(pad)
|

12

i © Copynight Virtual University of Pakistan
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2-Truth Tables

B ~pV~q by DedMorgan's Law,
m rs5-|l0OR x>4

EXERCISE:
1.Showthat(p A gl armp A (g A}
2. Are the statements (pAq ) vrand pa(qvr) logically equivalent?

A tautology is a statement form that is always true regardless of the truth values of the
statement variables, A tautology is represented by the ::.-mbqh .

EXAMPLE: The statement form p v ~ p is tautology

P ~Pp pv~p
T F 1
F T T
pv—p=i
m‘l'I'RADIC'I'Il}N;
dless of the truth values of

A contradiction is a statement form that is always false regar
the statement variables. A contradiction is represented by the symbaol “e".

So if we have to prove that a given statement form is CONTRADICTION, we will make
the truth table for the statement form and if in the column of the given statement form all
the entries are F, then we szy that statement form is contradiction.

EXAMPLE: ;
The statement form p A ~ p is a contradiction.

P -P Pty

T F

F g F !
Since in the last colomn in the truth table we have F in all the entries, soitis a
contradiction Le. pa~psc

REMARKS:

— Most staternents are neither tautologies nor contradictions.

— The negation of a tautology is a contradiction fnd vice versa.
— In common usage we sometimes say that two Statement are contradictory,

By this we mean that their conjunction is a contradiction: they cannot both

be true.

© Copyright Virmal University of Pakistan
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1. Shﬂwﬂ'lltpat-p

p- . Bt
T T i
2 . o

Since in the above table the

the cotresponding statemen
PAlEp 3

LOGICAL EQUIVALENC IN
Ehﬂwﬂﬂl PAcEe

P L+ pAC

T F

F ~—— e

_i_ = F

There are same truth values

EXERCISE:

Use truth table to show that( p s q ) v {(~p v (p A ~q }) is a tautology.

in the indicated colurmns, so pAc=E

Eniries in the first and last eohumns are identical 80 we have
forms are Logically equivalent that is

LUTI
Since we have to show that the siven st _
;m:gﬁlﬂﬁhmtpmpn?ﬁm in themm?ablgwmtfﬁr? ﬁ;ﬁﬂ“ﬂ-x&;ﬁ .
B , :I-,-pnq , fnp -.,.ql pAa~q '"D'u{pn:q} T
T Ty
F F F T * - RSN - :
T F IT F e - :
F -“F- T T ; - T

Hence (pAg)vi~pvipa~g )=t

EXERCISE:

Use truth table to show lJ}n‘{pa--q}

al~pwglis a contradiction,

© Copyright Virual University of Pakisgg —————— 14

4



https://v3.camscanner.com/user/download

2-Truth Taliles

| __vu
|
50 LUTION:
Since we have to show that the given statement form | et i
column in the trath table will have aii eniries as F, As =1aafh-u$ﬁing;ﬂ:;§:4w?n v
= Ay = ~ ~ s s
- - - : : nTvq {pa q}:t’ pval
T F T T L F F “F
¥ T_i F F T S F
F F T F T T F
= 0OF LOGI
1) Commutative Laws
PAQ =g p
PVg=qvp

2} Associative Laws
(PAg )ar =pa(gar) |
(Pvq ) wvr =pv(qgvr) *
3} Distributive Laws |
' pa(qvr) =(paq ) v( par) |
pvigar)=(pvq) a( pvr)

4) Identity Laws
pat=p
pvesp

3) Negation Laws
pv~pEt
pA~pEg

&) Double Negation Law

~(-p)=p

7) Idempotent Laws
pAap=Ep
pvpEp

|

8) DeMorgan’s Laws :
~(pAaq) E~pv~g |
~(pvq) BE~pa=-q

9) Universal Bound Laws
pvi=t
pAc ®g

er
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10} Absorption Laws
Pv(p ag)=
PAlp vq) =

11} Negation of ¢ and ¢
—l=c
~gm=q

b = |

FAE e - ST RS LT

© Copyright Virual University of Pakistan
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3-Laws of logie
Lecture No.J3 Laws of L-hgli:
APPLYING LAWS OF LOGIC
Using law of logie, simplify the statament form
: pv [~~p Aq)
Solution:
pv[~(~pAq)] =pv[(~p) v (=] DeMorgan’s Law
=p v [pvi~g)] Double Megative Law; ~(~p)=p
= [p v plvi~q) Associdtive Law for v
= pvi~q) Idempotent Law: pvp=p

That is the simplified statement form.

)
Example: Using Laws of Logic, verify the logical equivalence
~(~p AQ)Alpv=p |

Solution: |
"{'“F Agha (wq} (~{~p)v~q) Alpv Q) DeMorgan's Law
~={pv~q) A (pva) Double Negative Law
=2pv(~qaq) Distributive Law
spwve Negation Law
=p Identity Law

SIMPLIFYING A ST ATEMENT:

“You will get an A if you are hardworking and the sun shmes or you are herdworking
and it rains.” Rephrase the condition mare simply.

Solution:
Let  p="You are hardworking’ -

q = "“The sun shines™
r= "It raing"

The eondition is (p A @) v (p A T) I
Using distributive law in reverse,
(pagq)vipar)=palgvr)

Putting p A (q v r) back into English, we can rephrase the given sentence as

“You will get an A if you are hardworking and the sun shlines: or it rains.
CISE: |

Use Logical Equivalence to rewrite ezch of the following sentences more simply.

1.0k is not true that I am tired and you are smart,
{l am not tired or you are not smart_ } !

2.1t is not true that I am tired or you are smart, l
{I am not tired and vou are not smart. } |

3.1 forgot my pen or my bag and 1 forgot my pen or my plasses.
{1 forgot my pen or I forgot my bag and glasses. |

& Copyright Virtual University of Pakistan
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Yu

4.1t is raining and I have g
forgotten my hat.

rgotten my umbrella, or it is raining and [ have

{It is raining and I hive forgottea my umbrella or my hat. }

CONDITIONAL STA
Introduction

[EMENTS:

Consider the sintement:
*If you earn

This statement is made up o

p: "You carnan A in Ma "

q: "1 will buy you a comp

i is fr
We can also phrase this as

The original statement is lian saying !

"ﬂ =

Ifp and g are statement vy
ar “p implies q" and is den

p —+ q is false when p is tru

A In Math, then I'll buy you a computer.”
two simpler statements:

ter."

then g is true, or, more simply, if p, then g
implies g. It is denoted by p = q.

OR IM (NS:

iriables, the conditlonal of g by pis  “Ifp then g

oted p — 1.

and q is false; otherwise it is true.
tional operator.

The arrow "— " i5 the cond
In p—+ g, the statement p is,

called the hypothesis (or antecedent) and q is called thr.

conclusion (or consequent

' TRUTH TABLE;
p !- q p—q
T i T
T F F
F ; T T
F ,' F T
W MNDITION ATEMENTS:
Determine the truth value n:r:f each of the following conditional statements:
L'Ifl=|,then3=3" | TRUE
L"If1=1,then2=3" | FALSE
3- “If1=0,then }=3." TRUE
4."[f1=12,then2=3" TRUE
5 “Ifl=1thenl=2and2=3" FALSE
: U TRUE

ﬁ*’lfl-3url—2thﬁn3l

I8
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|
A

The implization p —» q could be expressed in many altematiye ways as:
=“if p then q” ““not p unless q"

+*p implies q" g fallows from p" |

.l:!'f‘P' qﬂ- ‘ﬂq H-P“

«“p only if q° . v'q whenever p"

«*p iz sufficient for q" 'q ia necessary for p" I

Write the following statements in the form “if p, then q" in English.
a) Your guarantee is good only if pou bought your €D less than 90 days age,

If your guarnntes is good, then you must have bough{ your CD player less

than 90 days ago.
b)To get tenure as a professor, it s sufficient to be world-famous,

If you are world-famous, then you will get tenure as a professor.
) That you get the job implies that you have the best credentials.

If you get the job, then you have the best credentials. |
d)1t is necessary fo walk § miles to get to the iop nﬂm%

If you get to the top of the peak, then you must have walked & miles.

|
TRANSLATING ENGLISH SENTENCES TO SYMBOLS:
Let p and q be propositions:
p= “you get an A on the final exam™ L
q = "you do every exercise in this book™
r= "you get an A in this class"

conneciives,

Write the fallowing propositions using p, 4, and r and logica

|
1.To get an A in this class it is necessary for you to get an A on the final,
SOLUTION p—+r

2. You do every exercise in this book; You get an A on the fi
you getan A in the class.

SOLUTION pAQ=»T

3, Getting an A on the final and doing every exercise in this book is sufficient
For getting an A in this class. |

SOLUTION pAgq—r |
|
TRANSLATING SYMBOLIC PROPOSITIONS TO ENGLISH;

Let p, a. and r be the propositions: |

p = *you have the flu”
g = “you miss the final exam™
r = “you pass the course”
Express the following propositions as an English sentence.
1. p—=>q |
If you have flu, then you will miss the final exam. |

implies,

2. ~—r

© Copyright Virtual University of Pakistan
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3-Laws of Logic

J.

If you don's miss TJJ:}I'!.uaI exam, you will pass the course.
& ~pa-q=r

If you neither have ﬁlu nor miss the final exam, then you will pass the course.

HIERARCHY OF OPERATIONS
FOR LOGICAL CONNECTIVES

(negation)
s (conjunction], v (disjunction)
*— (conditional)

Example: Construct a trath

fable for the statement form pw~q—=~p

pl 9 |~ P pv~q pv~q-—~p
q

T T 1B F T F

y i} F T F T F

E T F T F T

F| F | T T T T

Example: Construct a truth{table for the statement form (p —qla(~p —> 1)

plalr| p=2q | P | ~p=2r | (p=an(~p—)
TITIT] .1 F T E
TlzlFl T | F.| T T
T|F|T| F | F T F
T|F|F| F i T F
Flrltl T | T T T
FlT|F| T | T F F
Fle|lT| T | T | T T
rlelFl T | T | F F

& Copyright Viral University of Pakistan
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3-Laws of : g
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1 VAL G I
Use truth table to show p—3q = ~q = ~p
T| T F F T T |
S EBEIERE: P |
F T F T T T |
F| F iy T T T
same truth walues l
Hence the given two expressions are equivalent. II
IMPLICATION LAW |
p—+q = ~pvi I
p q P P ~pvq
T T T F T
T F F F F
F T T | IT T
F v T | T T

game truth values
NEGATION O CONDITIONA ATEMENT:

Since . p—+q & ~pvg

So ~(p—aqgl=~(~pva |
m~(~p)Al=a) by De Morgan’s law

& pa~q by the Double Negative Taw

Thus the negation of “if p then q" is logically equivalent to ‘h: and not q”.
Aceordingly, the negation of an if-then statement does not start with the word if.

EXAMPLES |
Write negations of each of the following statements: !
LIf Ali lives in Pakistan then he lives in Lahore. !
2.If my car is in the repair shop, then I cannot get to class. |
3 If x is prime then x is odd or x is 2, -
4If n is divisible by 6, then n is divisible by 2 and n is divisible by 3.
|
|

© Copyright Virtual University of Pakistan

7 S



https://v3.camscanner.com/user/download

R N B SRR o R A
i L e = - TEd

e =
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SOLUTIONS:

L. Ali lives in Pakigtan and he does not live in Lahore,
2. My car i in the repair ship and [ an get to olaza.
3. x isprime but x is not nnd x fa not 2.

4, nis divisihle by & but n @5 not divisible by 2 or by 3.

INVERSE OF A CONDITIONAL STATEMENT:

The inverse of the conditionfl statement p — q 5 ~p — ~q
A conditional and ﬂﬂihl’dﬁ? are not equivalent as could be seen from the truth table,

p | a p—q ~p - o8 kot
T T | T F F T

F T T F

F F T T T

different truth values in rows 2 m:..iEli

1. Iftoday is Friday, mati: +3=5
If today is thﬁda:.lf. then 2 +3=5,

2. Ifit smows today, I will 5ki tomorrow.
If it does not snow today [ will not ski tomorrow.

3, IfP s a square, then Pis a rectangle.
If P is not a square then P is not a rectangle,

4. df my car is in the repair shop, then I cannol get io class.
If my car is not ltuhie repair shop, then I shall get 1o the class.

CONVERSE OF A CONDITIONAL STATEMENT:
The converse of the cﬂnditi?nal statement p—» q is g —p.

A conditional and its converse are not equivalent. L.e., = is not a commutative operator.

22

© Copyright Virtual University of Pakistan


https://v3.camscanner.com/user/download

ot et i e

3-Laws of Logic vu
p la| poa |gop
T o i T T
T F
F T
F F b T
not the samea
MWRITING CONVERSE;
1If teday is Friday, then 2 + 3 =3,

If 2+ 3 = 5, then today is Friday.

2.If it smows today, T will ski tamorrow,
I will ski tomorrow only if it snows today.

3 IfPis asquare, then P is a rectangle.
IfP is a rectangle then P is a square,

4. Ifmy car is in the repair shop, then I cannot gﬁt fo class.
If1 cannot get to the class, then my car is in the repair shap,

CONTRAPOSITIVE OF A CONDITIONATL STATEMENT:

The contra-positive of the conditienal statement p —+ q is ~ d —+~p
A conditional and its contra-positive are equivalent.
Symbolically p—rgq=~g—~p |

LIf today is Friday, then 2+3 =5, _

If2 + 3 = 5, then today is not Friday. : '|
2.If It snows foday, §will ski fomorromn, |

I will not sld tomorrow only if it does not snow h}dnﬂ
3. IfPisasquare, then P is a reclangle.

ITP is not a rectangle then P i3 not a square,
4. If my car is in the repair shop, then I cannot get to class,

If1 can get to the class, then my car is not in the repair shop.

EXERCISE:
I. Show that p—q=~g—~p  (Use the truth table. )
2. Showthat g=» p=~p—+~q (Use the truth table. )

! 2
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4-Biconditianal |
Lecture MNo.d Biconditianal

BICONDITIONAL

Ifp and q are siatement vm.L]:a. the biconditional of p and ¢ is Yp Il and only if g™,

Itis denoted pesq, “iand orly ™ is abbreviated as U,
The doubls headed nrrow * " is the biconditional nperni.ur.

TRUTH TABLE FOR pa-q.

Pl 9 | P+
] & T
T| F F
£y F F
' N T
Remark:
o p+qis true only when p and q both are true or both are false.

o p+>qis false when gither p or q is false.

EXAMPLES:
Identify which of the following are True or false?

1.*1+1 =3 if and only if earth is flat™
TRUE

2. “Sky is blue iff 1= 0"
FALSE |

3, “Milk is white iff birds Iu}' egps”

TRUE
4, *33 is divisible by 4 if End only if horse has four legs”

FALSE
5. “x>5ifx2>125" _
FALSE :
REP ING BICONDITIONAL:
|

pé+q is also expressed as) |

& “pis necessary and q'uﬁ'w{ent for q”
a "“Ifp then g, and conversely”
o “pis equivalent tog[

o G.‘l}l]l'j Jl.g.l.l.[ Virtual Uni H'Ea_ﬁuf of Pakistan
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£

Example: Show (hot p -+ g= (p—q) A (g p) ||

g L Bt B s O L o {P-'ta}h{qﬁp}
T r ol W ; T T | T
T F | F| F T ' F
F L F | F
P F T (i T LT
T same truth values ! T

Rephrase the following propositions in the form “p if and utixly if ¢" in English.

1. IT it is hot outside, you buy an fce cream cone, and if :.rli:n buy an ice cream
cone, it is hot oulside,
S0l  You buy an ice cream cone if and only if it is hot r.'l-!.ll‘.i!ldl:

2. For you to win the contest it is necessary and suﬂ}r:i:n! that you have the
only winning ticket.
Sol You win the contest if and anly if you hold the only winhing ticket.

3. If you read the news paper every day, you will heinfni-mml and conversely.
5ol You will be informed if and only if you read the news plozr every day.
i

4, It rains if it is a weekend day, and It is a weekend day if it rains.

Sol It rains if and only ifitis & weekend day.

5, The train runs late on exactly those days when [ take ]t;
Sol The train runs late if and only if it is a day I take the train.

6. This numhber [s divisible by 6 precisely when it is divisible by both 2 and 3.
Sol This number is divisible by 6 if and only if it is d.{visihlefy both 2 and 3.

TRUTH TABLE FOR {é--rq} [~ ~p)
plalpsql~a|~p| ~a=~p | phe(a=~n
TIT| T |F|F T | T
Tl F F T|F F I T
FITL T LENT T | i)

F1F|l T |T|TX T | T
I

er
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|
'IRHTHTA.BLEFUR{wquEqu}
p|l a | | pea | req | (peqgeireaq
vl T | ¥ T ) .
| T | F T F F
3 - F F T
| F | F F T F
TERE: F T F
F T F F F T
Elr [ r] T F F |
F F T T T

TRUTH TABLEFOR p A~r €3 qvr

Herep A ~r43q v rmeans (p A (~r)) «+{qwvr)

plal t |rT]| pat | qvr | pPA~TEAVT
T|lT|T|F| F T F
Tl B |r] .o T T
TIFEl| T ]Ed ¥ =¥ F
T(F|F|IT| T F F
F|T|T|F| F T F
FlT|F|T| F T F
FIF|T|[F| F T F
FI|F|F |[IT| F F T

© Copyright Virtual University of Pakistan
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4-Biconditiomal i ¥

LOGICAL EQUIVALENCE INVOLVING BICDHD[T!IGHAL

Example: Show that ~p & q and p 4+ ~q are logically equivalent.

plal - |~a|~roq|pe—g - :
T|t| F | ®]| ¥ F
A EI IR ERE: T
FlT| T |F| T T i
FlF| T |T]| F F I
L.,

same truth values
Hence~p++q = p &+ ~q

EXERCISE:
Show that —~(p&q)-and p<+q are logically equivalent.

Pla| pBg | ~(p@q) | peg i

1ol ¥ T T |

T|F| T F F

FIT| T F F -!

F|F| F T T
e

game truth values |
Hence ~(p@q) = pesq |

*

LAWS OF LOGIC;
L.Commutative Law: pergqmEQerD |
1.Implication Laws: p—*q==~pvq !
=~(pa~d
3 Exportation Lavw: (paglscap—{qg—r
4 Equivalence: p < q=(p =gn(g —p)
3.Reductio ad absurdum p—+q =(pA~q) =0 |
|

CATION;
Example: Rewrite the statement forms without using the symbols — or
. pa~g=ar

2 (prr)er(qg—rr) ‘ ;

r
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|
Solutinn: i
I, pag=rs(pa~q=>ri  Order of operations
s~(pa~q)vr Implication law

2. (pr)es(q —+r)m (~p v} e (—qvr) Implication law

= [(-p Vit -q vl A g v ) -p v 1)
Equivalence of biconditional

u [{~p ¥ 1) v (v D] A [H-q v 1) ¥ (=p v )]
Implication law

Example: Rewrite the statement form ~p v q — r v ~q to a logically equivalent form
that uses anly ~ and A. 7

Solutien;

STATEMENT REASDN
“pVg=krv-q Given statement form

# (~p v ) = (1 ~q) Crder of operations

s~[(~pv@a~({rv~q)] | [mplicationlaw p—»q=~{ps~q)
s~{~pa~g)Aa(~rtaq)] | DeMorgan's law

Example: Show that ~p—»q) — p is a tsutology without using truth tables.

|
|
Saol 3 |
|

STATEMENT | REASON,

~{p—*q) =+ p I Given statement form
=~[<pa~q)] —=p i Implication law p—=q=—~{p A ~q)
={pA-q)—p | Double negation law
s~{pa~qivp | Implication law p—aq=-pvq
s{-pvglvp [ De Morgan's law
=(gv-~plvp | - Comumutative law of v
=qv(~pvp . Associative law of v
=qwvt Negation law
= | Universal bound law
EXERCISE:

Suppose that p and g are statements so that p—q ie false. Find the truth values

of each of the following:
l~p —+q
2pwvyg .
dqerp '
TION
Hint: ( p—q is false when Ii' is true and q is [alse.)
I.TRUE
2.TRUE
3.FALSE

© Copyright Virtual University of Pakistan
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Lecture MNo.S Argument
Before we discuss in detail about the argument, we first canllder the following argument:

An interesting teacher keeps me awake, [ stay awake in Dm::mta Mathematics class.
Therefore, my Discrete Mathematics teacher is interesting.

Is the above arpument valid?

ARGUMENT: .

An argument is a list of siatements called premises (or assumptions or
hypotheses) followed by a statement called the mnr_lus}m |

Pl Premise |

P2 Premise - |

P3 Premise

~C Conclusion |

NOTE; The symbol .. read “therefore” is normally placed just before the conclusion.

VALID AND INVALID ARGUMEN I:

An arpoment is valid if the conclusion is true when all the premises are true.
Alternatively, an argument is valid if conjunction of its premises imply conclusion.
Thatis (P1a P2 AP3 A, .. A Pp) = Cis a tautology.
An argument is invalid if the conclusion is false when all the premises are frue.
Altermatively, an argument is invalid chn:njun:nnn of its prl-'-ml-':ﬁ does not imply

conclusion.
Critical Rows: The critical rows are those rows where the premises have truth value T.

EXAMPLE:Show that the following arpument form i valid:

p-q

; |
ooq |
AOLUTICY |
Prﬂrl]iﬂni _1 mfclusiun ‘
Pid n—+0 p q - |

T I e
L2 T—".;JIEE-Iﬁ'L';:i:= ti- it '?.rﬁ»-'— critical row |
E T T F T |
FI|F P F - ‘

o e A |

— Lnl'

& Copyright Virmel University of Pakistan
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VU

i,

Since the conclusion q is mllu when the premises p—3q znd p are True. Therefore, itisa
valid argument. RELI

EXAMPLE  Show that l)!

SOLUTION

In the second critical row, EF conclusion is false when the premises p—»

q

O |

![_ Fmrhlur

P—q q

I.ann:]mlnn
p

S

=S| |a

o=

F

F
F

F

Therefore, the argument is illw-.u.'l_[d.

EXERCISE:

Use truth table to :iv.-.icrmin:il:ha argument form

is valid or invalid.

pva
P9
pr
S
|
I

——

premises

canclusion

-

e following argument form is invalid:
P=+q

eritical row

!

i

|

Mg mmH9 9|14 |o

e - B I B e O B I

I I I Il R =

= | = -—3

[;mdanutmu,'

i

T ————

"~

critical rows

© Copyright Virtual University of Pakistan
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S-Argument : i

In the third critical row, the conclusion is false when all the premises are true, Therefore,
the argument is invalid,

The argument form is invalid
WORD PROBLEM

. If Tariq is not on team A, then Hameed is on team B,
| If Hameed is not on team B, then Tariq is on team A. _
. Taoriq is not on team A or Hameed is not on team B,
SOLUTION i
Lzt !
t=Tariq 15 on team A
h = Hameead iz on team B
Then the argument is
-t h _
~h—=1 '
L=tv=~h

.--'-_'-E'-l'"-'- | Lt

~t=h w~h =t =1 w=h
T e F ] et ] sy e

TINEETE b e R PR AT
R T R [ e

for s . b G

T ] T T AT T

Aviis e PR Ay T.. i _'H._!_ R T p

e .E:-. f-.-ri':brlel'-\.'. -?3\.'.-;-'..!"_.‘ T .'-.:.I:- '«'..1
a

T ]
o T e N K=

F F b3

Argument 18 invalid because there are three critical rows.

{ Remember that the eritical rows are those rows where the premises have truth value T)
and in the first critical row conclusion has truth valueF, |

(Also remember that we say an argument is valid if in all :rillirz:ﬂ rows conclusion has
truth value T) i

EXERCISE B '
If at least one of these two numbers is divisible by 6, then I:hl product of these two

numbers is divisibleby 6. '
Neither of these two numbers is divisible by 6. ]
. The product of these two numbers 15 nat dl'i"lslibll:: by 6.
SOLUTION I
Let d=  atlenstone of these two numbers !s_dmsihle by 6.
p=  product of these two numbers is divisibie by 6.

Then the argument become in these symbols

d—=p i

a .

L i d 5
We will made the truth tsble for premises and conclusion as given below

t il

i

D Copyright Virtual University of Pakistan
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S-Argumenl |
d p |d—=p]d]|-p
T| T T F |F
T F F F
F T
F | F [ e

In the first ertical row, the conclusion is false when the premises are true. Therefore, the

argument is invalid.

EXERCISE
If I got an Eid bonus, I'Ilzynst:rm.

If 1 zell my motoreyele, 1" buy a stereo.
, If1 get an Eid bonus or I sell my metorcycle, then 1°1l buy a stereo.

SOLUTION:
Let
e = [ got an Eid bonus
s = I'l] buy a stereo
m = [ sell my motoreyele INA OTO STATE
The argument is Near Department of Food
&8 Science & Technaology
m—+ s
LBV S -
e ] s fim | es evin | evm —bs
. TIT T[Sk il [T
Ty TF il EEE T
T|{F|]IT|F T B
TIF|IF| F T F
£ T[T Pl T s
F T F x 'I -:'{ -::'.: I'_ -:.'.'.'::.'" 3 F {E-?E'.‘.ﬂ'ﬁf:: :-?wl"%:t;"e“
FIFI|iT|IT T E
FIFIF ] F s

The argument is valid becadse in the five critical rows, the conclusion is true,

EXERCISE .
An interesting teacher keeps me awake. [ stay awake in Discrete Mathematics ¢lass,

Therefore, my Discrete Mathematics teacher is interesting,
Solation: |
L= My teacher ig interesting

a =1 stay awale |
m=]am in Diar.li‘ﬂ: Mathematics clags

The arpument to he tested is

32
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S-Argument | VLI
2 t= 1, '
E: A
. Therefore mat
a m
Ty T T
11T F
T]F T
T F F
ol e I T R
——— . . - oLLs
F1 T F T F
F|F T T F F |
FlF F T F F i

In the second critical row, the conclusion is false when the premises are true, Therefore,
the argument is invalid.

e

SR S L L e

© Copyright Virtual University of Pakistan
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E‘lftﬁd' Shuctwies..
Week -4 |

Algorithms)

“Wihal i an slgoeithent

! tAn #garithm 5 3 finite vt of precise | For Pl
:..A!gnrlth ms Ii-l-lﬂrr-humvlzuuﬂ:ﬁtnr rﬂ:ﬁﬁﬁuﬂn i i

: ) “This l32 rathtr vague definiton, You will get to know a
i more procke i;l‘ﬂl“mlﬂ.'.lh urieful definition when

| you! atiend C5420 ar C5E3D,
But khis ﬂnehmdmu;nwr i,
I
| hl'\:l ’ ""l'l"n_l:"'\-mr-l-hl-lﬂ—-—- i el i e H'm.—-u-l—ln r
*:“'.--
|
i
| - L
! Algarithens Algorithm Examples
s proparties of slgakthims: e will sk a pspedocodae ba spaclfy a lorithms, which
shghtdy rernings i3 of Rasis and Pascal,
smput from 3 speciied sat, : *Example: an ¥ggrthm that fincs the masimum elemant
«Output from a specified vet [solution], in a finie saquencs
1 sDefiniteness of every $top in the computafian, ’
*Correcmaess of oulput far every possible input, :ﬂ:bﬂm ENRAhy, By, ooy 3, irbegavs)
sFiniteness of the number of calculation sheps, izl
=Efuctivineas of gach mindation step asd © e e maw = 3,
wfmrerality for @ etasi of problams. ol 3 Pl it ebdrmend)
i 2 - '111':““1":'“""""" i Tudswery % 11 "ﬂ‘n:_.-‘r L]
Algorithm Bxamples Algorithm Examples
sApnthor mka #lingarsesrch lgorithen, that Is, 2n i
aigaeithm that lineasty searches a n-l:fl.u:m;n el | the tarnes b & paguence are ardered,  birary seaech
panticular glamaoes, algerithi is moraeEficient thai Enesr sesmh,
=procesiuee Bevear El!ll'd‘.l-l:ll btezan B, By, ., B2 )
3 Intayere) “The isaTy ShATCRAGINEM ety st
swhile f 0 and ¥ = 1) relevant search jerval it it ¢ioscs i o the postio
Pl | the clemednt ta b lusmadd
=il 5 n them bation ;= |
-qlwrg:al.!nrl::ﬂ .
«fiscation @ the sebsoript of the term thatequals 2, or I8 [
oo if & 8 Aot o |
Ny L P "".'.‘.;nT'q__uJ—" v Py 4. BiLh 1 hl:l-l-u-r-ﬂ-'f'm .
I
H
| -
1
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Algorithm Examples

Algorithm Examples
birary semesh for the letter ) binory search for the letter i
search Inferval I i seorch interval
scdfogh)lmoprsujvxy acdfghjilmeprsuvsxz
\ | I
center elemant center alement
Welrwy 180} e ' s 18 R ttat i
Algorithm Examplas Algorithm Examples
bmery search for the kter’] - bary gearch for the lerter ')
ragrch interal wparch irterval
| | |
ecdfghjilmopraulvxz acdfohjlmeprsuvrxz
eemther elament center elemend
f Ee——EE MLW ] (IPPENTWE "'""."H'T'! e "
Algorithm Examples Algerithm Examplas
*procodura binary_soarchis: integer; 2, 8, ... 8,
b £ lar, i - HEEEEF
Erfary ganrch Tor th erhey | qi=3 {18 et eedpoint of seaeh Iiveral}
i n ) s eight endpoing of scasch inmrval)
search imeryal “wahilia (i <}
bagln
| sl
. YA, Chea = mi+ 1
scdfghjimopredvuz Y
| | rend
i @ ma then location =a |
contier eloment :{lIiSI lacation =
Ol I8 g mabaerint of the i
found | sor0 . ot fouriclh Pt Teiin that egualss, or i
LT =] "-"‘{L“:-ﬂ__“t“' " [T J"l'lI':I.-l-l-hl:lil-I-I---l-|-|-|.l-.| o

&9

g
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Mgnﬂthrn Examples

*Obwioushy, on sorted sequences, binary search ks more
-efficient than Inear seanch, '

*How can we analyze the efficlency of algorithms?
W conmeasure the _
* time (number of lementary computations) and

» gpace [number of memory cells) that the algorithm
reguires.

*Thase measures and called I-I:Impllliﬂmm comploxity and

Camplexity

«What is the time complexity of the ingar search
algorithm? :

*We will daterming tha worst-case numberof
comparlsons as a function of the number n of térms In the

“Thee worst case l'u}tha linear algorithm occurs when the
glamant to be locited ks not inchuded in the sequencd.

sin that casa, eve I Itemn In the sequence Is compared to

space complexity, respectively. tha element to be focated,
. By 11 B0 ﬂﬁﬂ:‘ ] i, 15, 118 mm:ﬂ" |.|
1
Algorithm Examples Complexity

“Her is the Anear saarch algorithm agakn;

~procedure lineer_searchis: IMegern dy, 8 -, 4,

iniepars)
=1

=aghile fiw= & and w95 )

. f=i+1

i 15 then tocatiosn 1=

glaglocation =0

~{latation i th subscript of thiz beres thist oualin, oris
sovey if I8 ot fownd]

“For n glements, the loop

wuhille{l 50 snd K= a)
i=i+1
sis processed ntJrrI-es. requiring 2n comparisons.
“When it Is entered for the {n+1lth time, only the
cormparisan | 5 nis executed and terminates the loog.

sFinally, the comparnison

P < than locatign =i

is esgcuted, 5o all in all we have a worst=tase time
pamipledty of 2n £ 2.

Fesemary 7, FE *"ﬂ;ﬁﬁ'm 1 Pty £, ¥4 i -
|
I
Remindar: Binary Search Algorithm Complexity
sprotedune Binary_searchil integar 3y, Ay, o 8y
ntegers) "#2‘::::“‘;‘ time sity of the binary search

=3 i lef endpoint of dearch Inbervad |
sjmm {jis right erdpoint af search mtenal]
b fi = )

«  mi=ii+el

L] HFu=a, then b= m+ 1

# e j o= om

werned

«if x = &, thes iecaon tal

sgflze locatiar o= O

={ipcanion 18 the gubscriol of 15 Lerm that equals «, ar iy
zero iF & 15 mab [ound]

o35 AiSTRi— s

sAgaln, we will daterming the worst-case number of
TP S e o B o OF Soe ouilen iof s e
SEUENCE.

Lot us assunna t are n = 3 glements In the list, which

means that k= logn
#l i |8 ot a pwj of &, |t can be considered part afa

targer Nst, wihere 28 < n e 24,
by 1% 20 ""H":-l-:':ﬂh Mt s, . . |

e
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“in the first cycle of the loop
sirhile < )

“hegn

- elpaaa)

= Wu=a, thenimm=l
' ebe]irm

i W
etha sensch interval ls restricted 1o 2% elenents, using twa

~Complexity T I

=In the second cycle, the search Interval is restricted to 2%
alements, agaln uslng two comiparisons., %

tha search inkeneal.

=At this polrt 3k comparisons have besn conducted.

“This Ig repested undll there Is only one (2% element beft-in i

comparisant,
Ty 17101 dag Ly b e g i Fusiaan, | 1 B Prefd i bty i
Complexity Carmplexity
W oo *In general, we are net 30 much Interested in the tme
=it {1+ and space eargdexity for small inpuls, i
~axits the loog, and a final comparison *Far exampht, while the difference in time compleity

i 5 = 3, then Jocation = |
wfatermings whether the element was EII.TI’.

Therelore, the overall finme pRExiLy -trFlh: binary
search algarithmis 2k+ 2= 2[logn+ 2.

batween Braar and binary search 5 meaningless for a
sequence withn = 10, it & gigantic for n= 1™,

i . T "’El'ﬁq“;';":;_‘l—.' | I Py LL BN "'t‘l""::';-“"—" n
: |
I
I
!
Complexity | Complexity
“For example, let us asume two algedithms Aand B that S Coenparison: Hne pom i of algoriahms A and B
salve the same chass of problems, { Y Moy of g -
rml%uﬂusmmm:hrau ot
| n 5,000n [1.1]
! 10 50,000 3
| 100 800,000 13,751
' 1,000 8,000,000 2.5.10%
1,000,000 5AQY 4 8.0
! [ L L] """.'ild:_l_'. I"""'"'L"l = dvdwmear it pm ‘"”'H.TI.FI.:H:-“ 5
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Comphexdty

“Thils means thak algorithm B canmot be uskad for largs
Inputs, white nunning algorithm A 5 still feastle.

55 what Is Important ks the grewth of the complexity
Functions.

*Thie graweth of thme and space complexity with
increasing Irput slze n is a sultable measure for the

The Er‘t::-ﬂ-'ﬂi of Functions

“The grewih of fonctions is wsually deseribed using the
big-0 notathon,

‘Drefinition: Let Fand g be fupctions from the Integers or
iha real numbeds to the real numbers,

*'h'-;l;v that flx| B O{gdel] IF thore are corstants C 2and k
such that

x| scm:}q

eomiparizon of slgarithms.
wwhensver x> k)
i (1R “aipixmu m" H Faaria= |, 11 i ﬂ:}w ”
i
I
i
!
' &
The Growth of Functions The Grawth of Functions

=Whanwe analyze the growth of complexiy functions,
fix) and gl=) are stways positive.

*Therélang, we cam Simplify the big-0 requinement ta
sflxd < Cogl)] wheneverx» k.

«lf v wiEal T Shiow that f(x) is Ofg(s]), we arly need to
fird @ne pair |, k) [which s never enique).

P L [y

“The fdea behind the big-C nodation |s to establish 30
upper baundary for the growth of a function fix) for arge
X,

*This boundary s specified by a function glx] that iz
usualy much shmpler than fix).

“iWe aeeept the constank Cin the reguisement -

«Hx] < Cgle) whe;new!r wxk,

shecause C doms limti'raw with k.

“Wa are only Interestad In largs x, eo it s OK if

s > Cogl} for x:s. k.

|
1
| sopied Drooo basaois "

Idu.l.-\I: iRl Bl it ey

The Growth of Fuactions

SEAAMG
=Shaonw that ] =5 + 22 # 115 Ot}
*For w1 we have:

il LS Tad 4l
= ¥+ 2+ 1 < gt

sTheribse, forCe d and k= 1
#flu) = Cx’ whernewer x> k

== Flv] 12 o)

Pt ZL D [T A— L]
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27-Algorithm
|
Lecture No.27 Mgﬂ-ﬂtﬂm
PRE- AND POST-CONDITIONS OF AN ALGURITH]';I
LOOP INVARIANTS : |
LOOP INVARIANT THEOREM |
ALGORITHM: ;

The word "algorithm” refers to a step-by-step method for performing
some action. A eomputer program is, similarly, a set of insttuctions that are executed
step-biy-step for performing some specific task, Algorithm, however, is a more general
tern in that the term program refers to a particular pm-mam#;i ng language.

i

INFORMATION ABOUT ALGORITHM; '

The fnllnmdngﬁnfnmaﬂan is generally
included when describing algorithms formally:
1. The name of the algorithm, together with a list of input and output variables.
2_A brief description of how the algorithm works. :
3, The input variable names, labeled by data type. '
4,The statements that make the body of the algorithm, with ¢xplanatery comments.
5.The output variable names, labeled by dat type. |
f.An end statement. i
THE DIVISION ALGORITHM: '
THEOREM (Quatient-Remainder Theorem): : I

Given any ||Jgt:g:r n and a positive mieger
d, there exist unique integers g and rsuch that n=d-g+rand0=r<d,

Example: |
a)n=54,d=4 Sq=4-10+2; hence g= 13, r=2

bin=-54,d=4 54=4-(-14)+2; henceg=-l4,r=2
cin= 54,d=70 54=70'0+ 54, hence g =0, =54

L1

ALGORITHM (DIVISION) .

(Given a nonnegative integer a and a positive integer 4, the 4im of the algorithm is to find
integers g and  that satisfy the conditionsa=d g + randﬂfr{d,

This is done by subtracting d repeatedly from a until the result is less than & but is still
noanegatinve. |

The total number of d's that are subtracted is the quotient g, The quantity a - o - g equals
the remainder r.} "-h

Input: a {a nonnegative integer}, d {a positive integer}

Algorithm body: ri=a,q:=0 ,

{Repeatedly subtract & from r until a number less than o is olitained. Add 1 to d each time
d is subtracted. } |

while (2 4) .
r=r-d g=g+| |
end while |
QOutputi g, r \
end Algorithm (Division)
b '..'— 1+ s tado—t o 2[]1
© Copyright Virtual University of P
SR NSRS
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17-Algarithm -
Example: :
Trace the action of the Division Algorithm on the input variables 2 = 54 and
d=11
Solution
[teration
Number
L1 1 2 3 4
| s4
j{anable d 11
t | s4a | a3 R 32 21 10 :
|
)f 0 1 2 3 4
& |
PREDICATE:

Consider the sentence
“ Aslam is a student 2t the Virtual University."”
let P stand for the words
“is a student at the Virtual University™
and let {7 stand for the words
“ig a student at.”
Then both P and Q are predicate symbals.
The sentences “x is a studeni at the Virtwal University” and “x i5 a student at ™" are
symbolized as Pix) and Q{x; ¥}, where x and ¥ are predicate variables and take values in
appropriate sets, When concrete values are substituted in place of predicate variables, a

statement results. '

DEFINITION:

A predicate is a sentence that contains a finite number of variables and

becomes a statement when Efxﬂiﬁﬂ values are substituted for the variables.
The domain of a predicate variable is the set of all values that may be substituted in place

of the vanable.

202
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27-Algerithm . .

PRE-CONDITIONS AND POST-CONDITIONS;

~Consider an algorithm that is designed to produce a certain final state from a given state.

Both the initial and final states can be expressed as predicates involving the input and

output variables.
Ofien the predicate describing thie initis] state is called the pre-condition of the

algorithm and the predicate describing the final state is ':Hlléld the posi-condition of the
algorithm, |

EXAMPLE: |
1. Algarithm to compute a product of two nonnegative in!&gens
pre-condition: The input variables m and a are nonnegative iptugm
pot-condition: The output variable p equals m + n, I
2. Algorithm to find the quotient and remainder of the division of one positive integer by
another
pre-condition; The input variables a and b are pmﬂwe integers.
pot-condition: The output variable g and r are positive inﬂ:gérs such that
a=b:g+rand0<r<b, .
3, Algorithm 1o sort a one-dimensional armay of real numbersl
Pre-condition: The input variable A[1], A[2], ... Aln] 15 & Dnﬂ-dtmmamnu.] array of real
numbers,
post-condition: The input variable B[1], B[2], . . . B[n] is a one-dimensional array of real
numbers with same elements as A[1], 4[2], . . . A[n] but mﬂfth: property that B[!] _E[,r‘]
whenever i < j.

THE DIVISION ALGORITHM:
[pre-condition: a is 2 nonnegative integer and
d is a positive integer, r=a, and g = 0]

while (r = )
l. rmp=d
2. g=g+l
end while

[post-condition: ¢ and » are nonnegative integers
with the property thate =g - d +rand 0 Sr<d.]

LOOP INVARIANTS:

The method of loop invariants is used to prove correctness of a loop with respect to
certain pre and post-conditions. It is based on the principle of mathematical induction.
[pre-condition for loop]
while (&) :
[Statements in body of loop. None contain branching statements that lead
outside the loop.]

end while[post-condition for loop]

e e

DEFINITION:

A loop is defined as correct with respect to its pre- ani post-conditions
if. and only if, whenever the algorithm variables satisfy the pre-condition for the loop and
the loop is executed, then the algorithm variables satisfy the 1':ual-¢undiliun of the loop.

i ! l 203
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27-Algatitkm |
|

THEOREM:
Let a while loop with guard 7 be given, together with pre- and post conditions that are

predicates in the algorithm ¥ariables.

Also let a predicate fin}, cal{ed the loop Invarlant, be given, If the following four
properties are true, then the i correct with raspect to its pre- and post-conditions.
LTasis Property: The pre-condition for the loop implies that U} is true before the fimst
iteration of the leop.
IL.Inductive property: If
integer & = 0 before an ite
TIL.Eventual Falsity of Gu

bacomes false.
IV.Correctness of the Pusl{ﬂmdlllnu: If N is the least number of iterations after which

G is false and J(N) is true, ﬂm the values of the algorithm variables will be as specified
in the post-condition of the foop. '

guard & and the loop invariant (k) are both true for an
on of the loop, then Jik + 1) is true after iteration of the loop.

drd: After a finite number of iterations of the loop, the guard

PROOF:
Let I{n) be a predicate that satisfies properties 1-1V of the loop invariant thearem.

Properties | and 11 establish that:

For all intepersn = 0, if the while loop iterates n times, then I{n) is true.

Property 11T indicates that the guard G becomes false after a finite number N of iterations.
Property IV concludes that the values of the algorithm variables are as specified by the

post-condition of the loop. |

T e . —

204
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AR .
AT 28 Division Algerithm _- v
i

| Lecture No.28 Division algorithm

E CORRECTNESS OF;

; LOOP TO COMPUTE A PRODUCT

: THE DIVISION ALGORITHM

; THE EUCLIDEAN ALGORITHM

A LOOP TO COMPUTE A PRODUCT: [
[pre-condition: m is & nonnegative integer, E
x is a real number, { =0, and product = 0.] .!
while (i # m) |
1. product = product + x
2, imji+]
end while |
[post-condition: praduct = m - x] :
|
|

FROGE:
. Let the loop invariant be
f(n): i=nond product=r-x
The guard condition & of the while loopis -
o i#m

I.Basis Property: {
[J(0) is true before the first iteration of the laop.)

K0): ¥ = 0 and product =0-x = ()
Which is true before the first iteration of the loop.

ILInductive property:
[If the guard & and the loop invariant /() are both true before

loop iteration (where k2 0), then Jfik + 1) is true afler the loop iteration, ]
Before execution of statement 1, I

product |, =k x.
Thus the execution of statement | has the follawing effect;
product,, = product ,tx=k-xvx={k+1)-x
Similarly, before staternent 2 is executed,
L= 3
So after execution of statement 2,
L =l I =k+],
Hence after the loop iteration, the statcment Nk +1) (ie., i= &+ | and product= (k+1)-
x) is true. This is what we needed to show,

|

1. Eventual Falsity of Guard:

[After a finite number of iterati
becomes false | L At of the laop, the guard

' | 205
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28-Division Algorithm f
|
I

LV.Correctness of the Post-Condition:
| [If NV is the least number of iterations after which

(7 is false and J(N) is true, then the values of the algorithm variables will be as specified :
in the post-condition of the [oop.] -

[pre-condition: a is a nonnegative integer and
d is a positive integer, r = agand g = 0]

while (r= d)

lr=r-d
lg=g+1

end while
[post-condition: ¢ and r are ponnegative integers
with the property thata=gtd+rand 0 Sr<d.]

PROOF: ;
Let the loop invariant be

in): r=a-n'd neg.
The guard of the while loogy is
G rzd

rope

a

[Z(0) is truk before the first iteration of the loop.]
Hy:r=a-0-d=aandl=gq.

ILInductive property:
[1f the guard  and the loop invariant (%) are both true before a loop

iteration (where k= 0), then [{k + 1} is truc after the loop it:ratian.]
fi:r=a-%-d= Dandk=gq
J{k+1}:r;=::- (k+1)-d= 0mdk+1=g

A L
=g-k-d-d
=g- (k+1)-d |

g=q+l] |
=k+1 :
also !

|’.:I:I.E'ﬂ

=r-d e
>d-d=0 (sincer 20)
Hence J{k + 1) 15 true. .
ILE 1sid uard;

el B [After a finite number of iterations of the loop, the guard

becomes false.]
IV.Correctness of the Post-Condition: ;
[If W is the least number of iterations after which

G is false and J(V) is true, then the values of the algorithm variables will be as specified

in the post-condition of the Joop.]

G is false and I(M) is true.

Thatis,» 2dand r=a- N -dz0andN=g.
or r=a-g-d

206
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2E-Dhivision Algoeithm ! vu
or a = 44 d+rF
Also combining the two inequalities involving r we get
Dsr=d
The greatest common divisor (ged) of two integara o and b 1§ the largest integer that
divides both a and &, For t:I-mpIt, theged of 12 and 30 i3 6
The Euvclidean algorithm takes integers 4 and 8 with 4 > B = 0 and compute their
greatest common divisor, i
Use the Euclidean algorithm to find ged(330, 156) |
SOLUTION: ’) )
18 156
312 144
12 ‘ 18 6 ‘ 12 j
12 |
s | 12 i
Henee ged(330, 156) =6 |
EXAMPLE:
Use the Euclidean slgorithm to find ged{330, 156)
Solution:
1.Divide 330 by 156:
This gives 330= 156-2+ 18
2.Davide 156 by 15:
This gives 156= 158+ 12
3.Divide 18 by 12:
Thiz gives 18=12-1+6
4.Divide 12 by &:
This gives 12=6-2+10
Hence god{330, 156) =
If @ and b are any integers with &= 0 and g and r are nonnepstive integers such that
a=g-d+r
| 207
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* I8-Divizion Algorithen

~ ST g

then

ged(a, &)= ged(b, 1) ,
[pre-condition: 4 and B arejintegers with
A>B 20,a=A.b=B,r=|8]

while (b= 0)
l.r=amodb

2am=h
3bh=r

end while[post-condition: nl— ged(A, B)]

Let the loop invariant be
Iin): gedia, b= ged(A, B) and 0 £ h<a.
The guard of the while loogis
o be 0

L.Basis Property:
[F{0) is true before the first iteration of the loop.]
K(0): gedia,b)=ged(4, Byand 0= b < g,

Aceording to the precondition,
a=A bh=B r=Band 08 <A

Hence J0) is true before the first iteration of the [oop.

[Linductive properiy: |
ﬂfthiguard & and the loop invariant fik) are both true before a

loop iteration (where k= 0), then f{k + 1) is true after the loop iteration. ]
Since I(k) is true befors exccution of the loop we have,
After execution of statement 1,

Foew = Bogg Mod bold Thus,
gy =bylgtr,, forsomeintegerg
with,
0 ﬁrﬂl‘!’ ﬂ"ﬁ:p]d‘
But
gedlay, by = ged(byy, Foy)
and we have,

El:d'tbﬂldj rﬂ) - EEdHPBJ

When statements 2 and 3 ! executed,
L bold ﬂiﬂd |!]'rllllln' = Voew

It follows that .
ged(a, .. ﬁn'rJ = ged(A, B)

Also,

2 becomes
]

0=b,, <

Hencs Ak+ 1)istue. |
|

208
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a :& 4 28-Diivision Algorithm |
ent : mL
[Adter a finite number of i I tions of the loop, the guard
3 becomes false.] |
B 2 . I
[IFN is the least nu er of iterations after which
@ is false and /(M) is true, then the values of the Hlamilhm variables will be as specified

in the post-condition of the loop.] .
i
|

{

|
I 209
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Number Thenry"

Introduction to Mumber Theory

Murmizer thaary is abou Integers and theair

preperiee. -
Wi il efart with tha baslc principles of
o divisibdity, |

= graaliest common divisars,
* Maasl com muitipbes, and

v moduléd &
and lack al & redevant algorihms.
" S LTI Mlmes T pemeeg ] Dy IL, B Fiei et Eremnm
e i Ty a3 Marine Thmer
|
1
|
; "o !
Division Divisibility Theorems

If il'nr!d b e intaers with a « 0, we say that i
a divides b f thare is an integer ¢ s¢ that b = ac

Whean s divides b we eay thal sk & faetlor of b and
that b is a multiple of 3,

The nctation & | b means that adnides b

W wrile @ X bwhen p dees not divide b.
{see book fer corract symbol).

Fq:-rlnlagars:.l, b, =nd o it i trus that

"+ falbenda|c. hena(bec)

Example: 3j6and 3|8 503|156

* & |0, then @ | bo for all infegers
Example: 5] 10,50 520,530,540, ...

« ffa|bandb | & thens | &
Example: £ | Band '8 | 24, =04 | 24.

The lundamentsd thearem of arithmelic:

-Evary positve inlsger can be wrillen unkquaely as the

praduct of primes, where the prime fackors re

. wiittan in arder of increasing size.

B T B B ]
e P L = T

i 11, 30 mnu:.:-_ a vremier 1L HIE -;:-.:-.—r
Primes Primes
A positive integer p greatar than 1 i called prirme if - Examples:
ik ondy positive fackors of para 1 and g 1E= 5.8
A positive integer that is grealer thaa 1 and is nof b= 22gFI=T
- peirne & caled compasita, . Te. AT

100 = 'E'E'F"E s 251

8i2= 2242222.22=29
H5= 84

MW= 22hepg

Sasidad 121 [ —
B D e ey
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T L
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= - i
s & composie mﬁgr, then nhas a prime
divisor logg than or oqual .

This s easy fo 8se; if n is @ composila | M
. must have b divisors py and p; Such thal pypy =n
endp,:2andp; 22 :

py and ps cannot both be greates than
» because then pyy would be greatasthan n,

¥ Bha smalias nurmber of p, and gy 8 not 8 primea
itsall ihan it can be broken up Into prime faciors that

The Division Algerithm
Lt a be an hl'-gq.r and d & poslive infeger,

Then thase ara unique infegers q and f, with
0zr<d;suchthata =dg +r.

In the above sguation, )
* d Is called iha divisor,

+ @ s calfed (he dividend,

* g s calied the guptient, and

o ia calfed the remiairdar,

are smaller tan Asell buf & 2.
Ly -.:"i"'nf'.'."{"_, B LR TN ] -:?*H‘.;q
i
The Division Algorithm The Division Algorithm

Whan we dinde 17 by 5, we have
1T=83+2

« 17 &5 the dividend,

* § iz the divisar,

= 3 is calad the qualiend, and

« 2 s called the memaindes

PSS S

'i."l.l'l'la__l happensz when we divids =11 by 3 7
Meia that the remainder sannst be negative: .
A1 = Efeg) +. 1,

+ =11 s the diidend,

3 is e divisor; -

¢ -4 is called the quotient, and

* 1 iz calted the remainder.

T T
| W ke’ Tarwh

|

g 4L S e | T
1
|

|
Gregtest Common UI"LH'ECH'E!.

: I
Let & and b ba integers, not both zero. ;
The largest integerd such thatd | aand d | b is
csiled the greatast commeon divisorof a and b,

The greates! comman divisor of 8 and b is denoted
by ged(a, b)

Example 1: What is ged{48, 72} ?

The positive comman divisors of 48 and 72 are

1,2,3,4,8,8 12, 16, and 24, s0 pedidl, 72) = 24,

Example Z: Wha Is gcd(19, 72) 7

: Greatest Common Divisors
Using prime factorizations:

=Rt Pt P B Ept ph.., pota, i
wherap,<p, <. €p,anda, e Nfor1si<n

gcd(a, b) = p, ™08 ) pmnie. B g mi B
Examplo:
a=gh= 22318

: : b=54= 313380
The anly posifive common divisor of 19 and 72 s
1, s0gcd(18, T2) = 1. ged(a, b) = 213 50 = § ]
Bammmdint 1. JEAN [ ms Basaan 1] """""H';".-ql s
e ey I o i They
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F'.EI.E.ﬂ'ufEt].nL F‘fi‘l‘r'le Intﬂgars

.»!-n 15 and 28 mtalnrsrnr n-rlrmu‘iI

T‘EE-., ged( 15, 28)=1.

- ME%E&EEH ralatively prime?

ro fﬁhgﬂ‘ﬂﬁﬁ Eﬂ!. Teiss

| Ae3s and zumluﬁwzly prime?
g gwras 28) 07 :

L ged(17, 28) = 1,

Relatively Prime Integers

Definition:

The integers a,) a;, ..., &, are pairwise relatively
prime it ged(a,, B) = 1 whenever 1<i<j<n.
Examples:

Ara 15,17, and 27 pairwise refalively prima?

Mo, becauas gdl:l{i E 27 =3,

Are 16, 17, and 28 palrwise relatively pima?

Yes, because ged(15, 17) = 1, ged(15, 28} = 1 end

:;..1.: :.

" | F.'ﬁ‘:l‘ ' ‘Hm [1] Havidedei 11, 1813 mm [T]
24 F: b
;
|
| :
-+ Least: Gﬂn'rr'nnn Multiples Least Cornmon Multiples
D'Eﬁ’“'““‘ Using prime fa:_ttnﬂzallnn::

; The lesst l:ur'nmnn mulhpl: of the positive irtegers

F'-E’"-u ki = F'it" Pih'l--- Pa'n,

| sitive integer that is P .
..a‘a_ndﬁiut;vﬂ':;hm:faejgﬂ_ i : g where p, <p, < .<p,anda,baMforigisn
- We dencte the least common multiphs of s and b by femia, b) = p,mivr-..b,:l pyEa byl o e, B
- lemiz, B)., : Example:
Ex.:mphl. a=60 = 223151
lem{3, ;]‘f 2;. b= 54 = 7133 50
! II::'-[E; _j;;— _Tm lemia, b) = 22 395" = 4-27.5 = 540
'h.—ll.rlli MFT::h_T-HhT ;l Hesankar || 3 H:‘Tu;m::* . II.
|
GCD and LCM Modular Arithmetic

a =60 =2 @)

Lal a be an integ

and m be a positive integer.

“ We derate by 2 mod m the remainder when a is
b=54= @ [E'.!"I..@ divided h]l' i,
J. Examples:
goda, b= 213 & D=6 B Smnp!
151 m B0 .....'gmnd 4.1
em(a; b} = /2131870 frameda= 0
Theorem: a-b= ged({abjlem{a,b) @mod 10 =3
: L -l3dmodds= 3
e T s i 2 e 303 s 2
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Week &
Seguences

&
Summatiﬂns

Wl 13 S e Fra b
Tk b R & B S e

" Sequences. .

" Sequences represent ordered lists of elements. | .
" | - A sequence is defined as a function from a subsetof |

H to a sat 5. We usa tha notation a, to denote the
image of the integer n. We all'a_a term of the' - -
sequence. e i’ T

Example:
subsel of N: 1 223 4° 5.
| bkl
B: 2 46 B 1lﬂ 2
e 4,341  mi | Gy .

]

Sequences |
Ve use the potation {a,} 1o descnbe a s-aque-nqa.

Important; Do nol confuse this with the-{} usad in sef
notation

It iz conveniznt to describe a sequence with an
equation.

For example, the sequence on the previous siide
czn be specified as {8}, where a, = 2n.

Py AL £ 3 Leriewil 240wl meid: I *
el . i & o mmiteie |

The Equation Game
Whal are the equations that describe ﬂla._
Jollowing sequences &y, 8y, 8y - Tt
1. 8.8, 7.8 CEy=2n-1
AR e 3= A
2,5,10.17. 26, ... a,?_=r-ﬁ¥1.

. 0.25, 05 075,1,1.25... 2,=025n.

|
|
Strings :
|

Finite sequencas are also called ntring:i denoted
by 8,2;35. .3, |

The length of a slring 8 is the nwanrqu.lu-rma thai
it eonsists of. |

The empty string conlains no lerms ai all. It has
length zero.

kgt IR 1815 Eweee Frsm
Fuzk & Sugrocas) A §rmmaiem

|

3,9, 27, 81, 243, ... ’ = 3n

o TR ] (= R . i
WLE b i A e i
Summations

What does 2 a; stand for?
|II""-
it represents the sum a, + 8., t B+ ..+ 3,

The variable j is called the index of summation,
running from its lower limit m to ils upper limit o,
We could as well have used any other letier o
denole this-index, -

Pl 1L 30 [ELR T T Y- .
Whark 1t Sidosivans & Sumupiign
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: Summatm&
L How can we express the sum of the 'ﬁral 1000. -

FnE T . o
mw‘m"las Z.il R _-.:.' :
Whatusmnal-uwr ZJ? :
ftls‘r+2+3+d+5+ﬁ 21

It is so much work 1o nah:ulaln this..,

Hgmasbar 12 741
5 o e N

< tarms of the a&quenm {a.}, w-n:h a“=n= far: . _'r =4

Whatmha-.rahrunl EJ ? : Lo 9 ' f_jt'mmﬂp'ﬂuu 10100

Carare Nusmin g

Summations

It ke said that Carl Friedrich Gauss came up with the

following fﬂﬂh?f&:
i-':“ i)

il r |

3 _When you hlw such a'formula, the result of any

sumimation can be caleuiated much mote easily, for
example:

=5050
- 2

Mo 12,2014 Bt frmeminni [}
- % i b B rmees & fam=reem

Summations

Find the summation fram 50 0. 100

En—'hfn—'_iﬁ.
o Bt

bt

Uit the foemials X7 (8 o miacs Da2e = D20

wr see That
AN 1KY - 1Y) - 20 4. 8. D
= = T L er"‘nnr\.—ﬁ
& MO

338,35 - 40425 = 37900,

r—— 13 T2
i o St o L W mica®

e L

Double Summations

A
- Corresponding to nested loops in C or Java,
- there'is also double {or triple etc.) summation:

g & Exampie
EEF

-}_“ (428

= F

= 3ii
-

=3+0+9412

Hosavater |5, 3303

15=43

E ST g i
Enk b fagereg f et

. B kiR L L R R s PR
.

Double Summations

Tabla 2in

4™ Edition; Section 1,7

& Egition: Seclion 3.2

6™ and 7 Editicn; Section 2.4

contains some very useful farmudas for caleulating
SUMS.

I the same Sectlion, Exercizes 15 and 17
{7 Edition: Exarc:ses 31 and 33) make a nice
homewark.

Henalx (34200 rapty Byt L y + i

rnals e d g i i B |

an.

Some SHmmeatidin Faynwlad:

- h"(h-ﬂ)"
\ ;=

iMs M-
.F.W
I

n =
L
Savhia T =R Ly 4nad
b= =] T"lﬁi
\3 = Lal 8ot 2§ Y & RESY
I & -

er
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- Matrices
A matrix is @ rectangular sray of numbers,
A matrix with m rows and 0 columng i is called an
m=n matri. £ i
MEtﬁGEE Example: A=|25 =03 E.l:: A2 nalrix,
B 0 ;
A minbebe with the sama nUmbnr ulmwa and columns
is called square.
Twa malrices are equal If they have the same 4
numbar of rows and columns and (he corresponding
aniries in every position are equal.
FR— B e | et 1, bt - ey e
i
i
!
Matrices Maftrix Addition
A general description of an 4 riatrioc A, = [agk Let A = [a;] and B = [b,] be mn matricas.
M - S “u The sum of A and B, denoted by A+B; is the mun
e By W a3 mﬂh‘lxﬂlﬂhnlai+h|lllﬂﬂ. jin element
=l calumin In othar words, A+B = EII_'I' b]].
d= fal A
Exampla: |
. " =20 5 0 3 10
| Fay By - T L " 4 Rl#l=3 6|=] 1 14
s @gr -0 @l -3 0] |=-4 L] |-T 1
i-th row of A !
[ Do frmem | ¥ Hprmben 12, W1 o rovien *

|

i
. R |
Matrix Multiplication |
|
Let A be an mxk malrix and B be a kxn matric.
The product of A and B, denated by AB, Is the mxn
matrix with (i, jith entry equa! lo the sum of tha
products of Ihe comesponding elements from the Ha
row of A and the j-th column of B,

In other words, il AB = [g], then
¥ i
6y = Wyl + @by, ot agly = %nw-!_:,

Harimiar 13 MiN Iy fapinfinl
R Th——

Matrix Multiplication
A morg inhuitive description niﬂlwlalh-gﬂ- AB:

R P
sl el 1 Bwb! -1:
- ¢ 0 i

=1 1
= Takea the first mlumn of B
= Turn i counterclackwise by 907 and summ'l.pm
it on the first row af A

= Mufiphy meapmdmg eniries in Aand B and
add the products: 32 + 00 +1.3=9

- Entar the rasull in tha upper-lafl cornar of C

B vk 13,708 e et T 1

Fem . b b

er
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L
BN

f

I'n.-'latn:‘: Mulhpﬂcatiun

:.qu superirnpusu th-e ﬁrﬂ ::b.'urrln aof E—ﬂl‘l 1I'I-'E'
second; third, .-, m-ih.row: af‘hﬁwbuh thi
. aatres n lhe ﬂn-t column &f G {same order],

T Thu-n repeut this procedure with the second,
third, ©.., n=th ealurmn af B, to obtein to abtain
. the mmammg_cnh.hmn; in C {(sama arder).

“a .M'tﬂr munpléting this algorithm, tha pew malrix

| Matrix Muttiplication .

Let us c.a}mlram the complete matix G~ -

3: ﬂ[ 1 g PR 1 A

A= hlf 5 ll_' B=[0 =1
bl i ) I 5 4
=1y -1° 0

. C cofieins the product ABL. i g
L — L 1] :::th—-_-. r -..u-u.uu; ] : L]
Identity Matrices F'uwer.% and Trampﬂﬂ&& of Matrices

The [dentity matrix of arder a5 the Axn malfx
I, =[5), where & = Ilifil;j_anﬂnﬁi_! Qilimj

&1 .0

A=

1) |
Multiphying an mexn mtgmﬁbr an identity matrix of
Epprogrisie size does not changa Ihu madrizc

The power function can be defited for square
matrices, If.-i.. l& &n nxn matrix, we have:

A=l !
Ar=AAA A (rtimes the letter A)

TI'I&I;I‘.‘IHEIIU!Sl of an mxn matrix A = [a,], dencted by
A, B the n=m mafrix oblained by interchanging the
rows and columns of A

In n:hufm:r:la if A= Ib}l then by = 2 for

=12, r‘rmdj=1

'ﬁ'l'h = |HA =8
Hervuliee: EE F2i ms':: L} Hesymbar |2 181D h::u;li;: L]
Zero-One Matrices

Powers and Transposes of Malrices
; s = a0 -3
Example: A=|0 =1 .-l"=|-
5 & 1 -1 4
ol

A square matrix A ls called symmetrie A = A%
Thus A = [a] Is symmetric if 8, = a; for all

A rnafnx 'mth enirigs thal are sither O or 1 is called 3
Baro-one rnﬂrhl: Zero-one mairices are ollen used

ke & “table® to represent discrete structures.

Ve can de Bovlean operations on the enties in

Zero-one m rices:

= ] = ssn g Ml
i 1.2.5 .J':Ell'rd:{ 1,2, mn T : z a;h : : ¢;u
A=|1 2 -9 =1 31 0 1 ] ' 1 1

3 -9 4 1 3§ 1 g | o 1 ] 1
_Ajs symmetric, B is net. 1 1 1 1 1 1
i 15, B h‘;i;_lm”: L] L o 1 ::"u: B
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Zero-One Matrices .
.Let A= [a)) and B = [bj) be mixn zero-ong matices.

‘Then the joln of A and B s the tero matrix with
{i, [jth entry &g v by, Tha join of A and B is denoled by

-Aw B

‘Tha meet of A and B is the rero-ona m x with oL,
[ith entry ag A by, The meel ol A and B is dancled by

Aan B

L S EA T [
ek, 1 bl i

zgm-c}ne Matm::es

Zere-One Matrices |
Let A = [g;] beran mxk zerc-one malrix and
B = [b] be a k=n zaro-cne matri
Then the Boolean product of A and B, gendied by
_M.htl_‘!lmxﬂn\il-rhtm{u}mmlrf &l where
gy =iy aby) viag abgdv .. wis, aby)
Hole that the actual Boolaan produsd symibcl has a
datin its cenbar,

Basically, Boolean multiplication warks iha
multipication of matricas, but with compiding ~
insta.ad of the: produwdct and winstead of | Fum

L SRR ] Prmmoms. Creraru ! B
Tl ] WL

. (i [ R
Exsmple:  A=|0 i Eafr af
1 & _{I i)
w0 -1vl] 10
Jain: AvBelivl 1vlisl 1.
Lo owof [1 g
_ a0 1al] [0 1]
Maat: AnB={0a1 1Al |={0 1|
140 0a0] |0 0f
Wi 111204 li;-’h; . ™
Zero-One Matrices

FIE

gl (adv(0al) (Lalw{tal
(Ual)v{lal) (Qal)w(lal)

Swarnien 13, FED -

e
il %, Mmariars

o

|
Zero-Cne Matrices ||
Let A be 2 square zero-one matrix snd rbe 8 positve
inieger,

The r-th Boolean power of A is the Boolean product
of r faciors of A. The r-th Boclean pmwer ol A s
genated by A,

APt =,
A= Aoho. . of  (rlimes the letter A} |

Mg (1N Toeid S v ir
P e
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" 25-Mthods of Proof

s WII

Lecture Mo.25 Methods of proof "

METHODS OF PROOF

- DIRECT FROOF
-- DISPROOF BYCOUNTER EXAMPLE |

INTRODUCTION;

up a correct mathematical argument, that is, a proof, This
the techniques vsed to build proofs. The methods we will s
alzo used throughout computer sclence, such as the rules ¢
tectuiiques used to verify that programs are correct, ele.
Many theorems in mathematics are implications, p— q. TI
impiications give rise to different methods of proofs.

H.

To understand written mathematics, nn!a must understand what makes .

uires an under standing of
for building proofs are
puters used to reason, the

1 techniques of proving

METHO ]}T OF PROOF
|
|
|
DIRECT PROOF Hmlﬁfjﬂ PROOF
p=q i
|
FROOF BY PROCF BY
CONTRAPOSITION CONTRADICTION
p —»G= ~q—~p p—q=(pa~q) —¢
DIRECT PROOF: —
The implication p —+q can be proved hj'ishmﬁng that-if p is true, the
q must also be true, This shows that the combination p true and q false never occurs. A
proof of this kind is called a direct proof. '

P p—
I
T i
F i
F T ]
. 186
© Copyright Viral Universiry of Fakistan e T
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25-Mithads of Froof !

odd if, nnd enly if, n =2k + | for some integer k.

1. Anin!:g-:rn:lgﬂm if, and only if; n =2k for some integer k.

2, Anlnoteger n G

3. An nteger n, pu‘lmu[l!‘mdmlyii;n:b 1 and for all pu:ﬁhmmrmﬂg'lf
n=rsthenrrelors=1. ]

4. Aninteger n>1 is composite If, and only If, n = rs for some positive integers r
gnd s withr= | andse= 1.

£ A real number
6. If nand d are

s rational if, and only if, % for some integers aand b with b,

tepers and d =0, then d divides n, written d | n if, and only if,

n= d.k for some integers k.

7. Anintegern is

EXERCISE:
Prove that

SOLUTION:

Let mand n
m =2k +|1

n =2+ )
MNow m+n =2k+1)

called n perfect square if, and only if, n = & for some integer k.

L

sum of iwo odd inegers Is even.

b two odd integers. Then by definition of odd numbers

forsome k eZ
for some l & 2

+(2I+1)

=2k+ 2142

=2(k+li+1)

=2r
Hence m + nis even.

EXERCISE:
SOLUTTON:

wherer = (k++ 1) eZ

Prm's'l:hai?'fn 5 any even integer, then {-1)" =1

is an even integer. Then n = 2k for some integer k.

Suppose n

Now J
(-1)*=(-D*

=D

::{'l

-]

EXERCISE:
Frowe that

SOLUTION:

Suppose m
m =2k

and n=2/+1
Mow
mn=2k-
=2:k(
=2r
Hence m-n is ¢ven.

{proved)

the product of an even integer and an odd integer is even.

is an even integer and n is an odd integer, Then
for some integer &
for some integer |

21+ 1)
0+ 1)
where r= k(2! + 1) is an integer
(Proved)

L&Y

Ell Copyright Yirtual University of Pakistan
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25-Mithods of Proof

EXERCISE:
Prmre-umtﬂmsquarenflnevmlntegtrism;m

g . Suppose n is an even [nteger. Thenn =2k

How
square of n =n= (2:k)*

= .|ﬂ:1

= 2-(2%)

=2p wherep=24? eZ
Hence, n° i3 even, (proved)

Prove that if n is an odd integer, then o’ + n is even.
LUTION:

Let n be an odd iuteger,thanu=2k+tf¢f&im&k€3
Mow n’+n=n{n2+ 5]

=2k +1) () + 1)
=(2k+ 1) (4K +dk+ 1 +1)
- (2k+ 1) (dk* + 4k + 2)
=(2k+1)2. (2K + 2k + 1)
=22k + 1) 2K +2k+1) keZ
= @n even integer

|
Prove that, if the sum of any two integers is even, then so is their difference.
LUTION: ' !

Suppose m and n are infegers so that m + n i even. Then by definition of
even numbers Bl

m+n=2k for some integerk |
— R E i T o RS SRt (1}

Now m-n ={Zk-n)-n using (1) .
=2k-2n I
=3 (k-m)=2r wherer=Kk- nisaninteger

Hence m - n is even.

RCISE:
Prove that the sum of any two rational nambérs is rational,

SOLUTTON:
_ Suppose r and s are rational numbers,
Then by definition of ratlonal

r== and :-f_
L d

for some integers a, b, e, d with be0) and d=0

IR

© Copyright Virtual University of Pakistan
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25-Mithodls of Proof

|

|

1
Now i
PP Y.

T ba

+*
Bla
&

where p=ad +bc €Z and q=bd Z
and q #0
Hence r +3 is rational.

Given any two distinet rational numbers r anct s with r <. Prove that there is

@ rational numbarxncﬂmﬂr-e:n-r::
Gwm twoldistinet rational numbers r and s such that

<35 ..“.--u.-u--u.-“.-ﬁ{l}
Adding r to both sides of (1), we get

r+r=r

Ir=r+s
=
. r{:E FHAERRR PR, (v &

2

Next adding s to both sides of (1), we get

r+s<g+
= r+3<2s
—J r+:{" -------------- 1-|-Hd-l--|-l-l-l-{3}
Combining (2) and (3), \Ii.fema_'f write

LS 1 O

|
Since the sum of two ﬂt[unals is rational, therefore r + s is rational. Also the quotient of
rational, is rational, therefore r+s  isrational and by (4) it lies

a rational by a non-2ero
between r & 5. T
Hence, we have found a rational number

such that r <x <s, [ {proved)

EXER H

|
Prove that for all integers &, b and ¢, il ab and bje then ale,

Suppose alb and ble where 3, b, ¢ &2, Then by definition of divisibility

b=at and ¢=b-s for some integers r and s.

Mow c¢c=bs

= {a1)s (substituting value of b)

= a-(rs) (associative law)
= ok wherek=rs g Z
= ale by definition of divisibility

189

. @ Copyright Virtual University of Pakistan
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Z3-Mthods of Prool

EXERCISE:
Prove that for all integers &, b and ¢ if alb aml!lau then alib+c)
IROOF; .

Suppose alb and aje where s, b, ¢ eZ

By definition of divides ;
b=ar and c=as forsomer, s eZ i

Now 5
b+e=ar+as {Hﬂlﬂ"kﬂhﬂ \’-H!mi:l"r

= p(r+s) (by distributive law
=uk where k=(r +1) eZ

Hence  al(b+¢) by definition of divides,
!

Prove that the sum of any three consecutive ﬁtﬂgm is divisible by 3.

L:In,n+imda+ibelhmemn5mnlwmtqer£5.
n+{nt+1)+{(n+2Fin+l 5
=3n+1) |
=3k where k=(n+l)eZ |

Hence, the sum of three consecutive intzgers is divisible by 3.
: I
EXERCISE: |
Prove the statement: |

There is an integer n> § such that 2 - 1is prime I

Here we are asked to show a single integer for which 2° -1is prime. First of all

we will check the integers from 1 and check whether the apswer is prime or not by
putting these values in 2°-1.when we got the answer is prime then we will stop our
process of checking the integers and we note that, -

Let n=7,then
? . 1=2" -1=128.1=127
and we know that 127 is prime.

EXERCISE: ,
Prove the staternent: There are real numbers a and hsuchl‘i'lal

va+b -‘J';'fﬁ'r; |
PROOF:
Let va+é =va+b |
Squaring, we geta+ b =a+b+aayb
= 0 =2 Javb canceling a+h
= 0 = ab
= 0 =ab squaring
' W P 190
i i ﬁc"”“ﬂﬂymﬂuwhﬂffﬂﬁﬂm S
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24-Mthods of Proof

= aithera=0orh=
[t means that if wewan
ons of them must ba pa
Hence if we leta=0

RHS =+a+b=
R.Hﬁnv":!_

h’wL.‘fﬁn-u";:l-JE
By puiting the valves of a and b we get

=\0+43
=3
From sbove it quite cl

that the given condition is satisfied if we lake a=0 and b=3,

Disprove the statement by giving a muntermamir]a.
For all real numbersaand b, ifa <bthena® <b’.

Eur-puﬁenr--i gnd h=.2
then ¢ 5.2
But a*=(-5F =25 and B¥=(-2)* =4
But 25>4 IL

EXERCISE:

Prove or giv
Forall integers n, n° - 0 1

tatement.

e counter example (o disprove the statement.
- 11 is 2 prime number.

The statement is not frug|

Forn=11 \
we have , ot -n+ 11=(11)F - 1 + 1
=(1h’
=(11) (11}
ujz

which is obviously not a prime number.

EXERCISE:

Prove or disprove that the product of any two irrational numbers is an irrational number.

SOLUTION: i - o i
Weknow that /7 15 an imational number. Now (V2)(2) = (+2)' =2 :

|
which is a rational numbér. Hence the statement is disproved.

SE;
Find & counter example to the proposition:
or every prime number n, n + 2 is prime.

191

D Copyright Virtual University of Pakistan
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' 1
| 3 | ] 1
| 25.Mithos of Proof i =
.‘ i -
Let the prime number n be 7, then
n+2=7+2=9
which is not prime. LR A ns

o — —— o — o T o

192
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Digcvete Stiactnves |
Week -1

%

Graph Algorithms-1|

1 e e Y

Geaph MgeriteraTL) 2368 Dr 8 Sarae W

.mﬁ..__wm
Delinition '
A grapk G E) 15 ot of vepioss Foand 8 el of edpes B, wheno

& e P I f Sihawr ef covan-product of vertices, called bingry relarion)

Erqiwple: Lat 0= (¥, B} whers
Fajfabcd
= ffe, b), fo ), (b ) b a), ), el b). fd, o)

The number of verices and edges are given by the cardinalities | F]2nd |8 of the
correspodding seds. The semple praph consists of Four vertices and seven edges. Thus,
[F= ¢ and  |E|=7

b Graphs are usoally represented by pictorial dingrims, The vertices can be shown a5
labeled clrcier o pecrampler. The edpes are depleted s ares ar Faes, Except for somc
applications, in which distinces among verticss are impoeant, the positions of the— - -
WErticEs are, in gemeral, rmmaterial. Thes, graphs can be diown pictotially in several
iﬂu..“.

Tirmph Aljgsitter T 3000/ Ot Sositar 2 9

Graphs
Undi i Graci
A goaph G={V.E} with verex st Fafil, 12, ¥F it | i3 alled wmalivecred g
] = (ol o) for oy
Al endirected gragh is soonetimes tefisred to s amdligrapk.

Undirecied Graphs
Comglete Graph

ong &1 ﬂi!—&nﬂiaﬁ.&iﬂﬂ?iﬂﬂﬂiﬁ.@.ﬁ.

Fxomeple: The figure elow shaws a complets praph,

A graph which has links am

Scanned with CamScanner
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Graphs
Directed Graph

__._.uuﬂrmr._“ﬂ._mu with vemex set 1=, vl o s onlled dinegied 4
g 20w W) far iy u,_ i

In Ollvar .._E.E,..F Emﬂ. {1, it and o, i), associated with smy pair of vertices ul uf, are
considered  dirfinct. | pictorial Fepresentilion these are shows with syows.

Eramplez The figure below ghews 3 directed graph

larnFaachl sdbaratd -

. Graph

m Wam}q&uﬁqﬁu&mﬂmﬁmﬂaltﬂlﬁn_

A sample direced graph
vﬂﬁﬁiﬂi.ﬂimraﬂaﬂ.ﬂnﬂﬂ_ 1 digragph ar nchvard.

Gl Alga fusva'l] 2004 Dok Swiar i7

* A complets directed graph with n verticss bas of-S} edges

armph Rigre ey L) 2N De A S s

Weighted Graphs

Undirected Graph

A praph in which Lebels or velnes wi, W2, wi, ... ..002 esociaied wilh edpes is called
weiphied praph. Wieights are fyplcally costs or dinerces in different applications of graphs,

Exarmpler The figara shows an exanple n?!ﬁiiﬁﬂﬁ.h&r

A weighted graph can slo be dnecteal The weights sitsched b the sdjres beiween the
same padr of vertice may .in peecral, be differeoi

Example: The Bgore below shows 1o exampies of e airaciad weighed grapi Note thal
wilpht of edged frocs vertex a to verbex B is 73 and that from vertex b veries a i 33 :

Do Mg 1 P0G Dt Gl 110
L
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Graph Paths

= Definition

beacketz . In & pach, fhe vertioss Yy Rpesied

pth is showm inhold ed lines

- inthe abpve exampile is &,

a sequeree of adfecenr vertioes, Two vertioes are ealled adjncent if they bave
_Enﬁwﬂaﬂnﬁiaﬂnﬂfi __.I_alr____lnsﬁﬂ_r.._.nﬁu#! pair of Square

Exsuwpler The figurs balow depics apaih F=Ta b g & L8] inasemple graph. The

ﬂn!ﬂﬂinﬁiﬁ.ﬂgﬁﬂl a path is called path length. The path length

Gggpl Mg ALY FI0EF O 8, Eexa

e TE
Qﬂmﬁwm Paths

Eenugh other vestices,

doop

o

#The boogs &re importnd jn
crriain states in Fluite Stale Aulema

Aloop is HE-HE!!.IEEEEIEI snghe node, and does nod paes

Erampiles The figure dsplets two loops in 2 graph, st vertices 5 and

l.#.ril.i..rﬁbuﬁ- -

N Certin same spdicutons, For examiple, loaps cepresent

— —

i}!iﬁﬁ.}i:u

Graphs Paths .
Simple Path i

}n&_unn-_ﬁn..iur il no vedices mny rope sted; otherwias, ibe path ks refizmed o a3 non- %
imple =

Fxemple: The figeres below show elagis a8 sov-rimple paths ina graph. The palh

Po=fa e g d f] b simple. The path Pr=fa, ¢ g d f c, b, f]is pon-smple, because it
paises thraugh verlices o, [ twiss

PN -

.;_
oA wimpa path PI=fe oop o ) A e s il etk P o i B ..”..‘_.

Graphs Paths
Cyclic and Acyclic Graphs

h._.__H__ al briginates and terminates at -_.annln-n_aﬁ.!:_pﬁnnql.limiﬂﬁa.

-an.inr IFa graph coataing a eyele it is called cyolic, By contrast, 2
=eniaing no ¢ysles i3 known -.-Euﬁ...____._..ﬂ,.n " i wiic

Example: In dia the path .
seyelic gragh. Hprm 7, the path P=[b, &, o, o] isa aycle. The diagram (1) reprcsents o

v Nv

(Ul smspls quelic grapd fild A T

Gy Migriteneti) sensi EE.N

er
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Graphs Representation Graphs Representation
i Adjacency Matrix Adjacency Matrix
of the standard ways of representing a goph trix o denote finks :
SO i i s ok s st e gl 7 il 0 e ey

The sdjacency malix can be defncd mathenatically. Let =¥, 5} be a graph, with
Fefiel ud, .. _vm), nnd Ewfel 2] el w3l
#.—'E*II._E.A#E-&EB-EH..I&HL ak

of A

.__...Eu defimition implies that entry in the ™ row and # colurem of the mstri i ]
... ifalink exisis betwesn the A and / vertex; otherwise, it is (L

P The size odjscency malrix wiiqﬂﬁaﬂ-”w_z._:-dwhﬂtﬂnﬂuiumq_wmﬂ:e “ e
e - O L LT Y
? T il ja——— T — —— —— i—
Graphs Representation u_mﬁﬁ_ ﬁ_wﬁ_ﬁwwuﬂﬂam
Adjacency Linked List Exmmpie: The dngrams bebow show o szmple geaph and its Hinked Bt represention
A praph can also be sepresentad wiing finked lists. The List represencation consists of .H.IE
an-aregy of Daked Lot eack codrespandiang 1o ane vertsy, The list stodes el of the verices

tliatare Linksd loa given werter
Led O=(TV.E) be 3 griph, aed  Adffu) e e lnked Lt corespondieg o verdex i, then
[se alll

v EAdifil. o fuvlE B

¥ The veriices belonging bo Adjfu) are called neighbors of vertex w, or udfazent vertices,

I
I "y
a Ml -
T T3
n _
: j o
s 8
-] T i
(1 g 5 ] g
i
Graph Al it R Gy Sakar M6 .
i e |.|.. e . [l . :
P . Rnpl T s - Ml - m= rem Bl R o REREE e, e T
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~ Counting

Week 13
Basic Counting Principles

The sum rule:
If a task can be done in n, ways and a second task

in Ny Ways, =nd if these two tasks cannot be done at i

the same fime, then there are n, + ny ways to do

Example: .
The department will award 2 free compuler o gither
a CS student or 2 CS professor. )

How many different choices are there, if there are
530 students and 15 professors?

There are 530 + 15 = 545 choices.

Do B st

Meach 31 TamEEg

[[eprremde I, 25LE

i

Basic Counting Principles

Counting problems are of the following kind:

“How many diffegent 8-letter passwords are there?”
"How many possible ways are there to pick 11

socear players out of a 20-player team?*

Most importantly, counting is the basis for computing
probabilities of discrete events.

| {"What is Ihe probability of winning the jottery?%).

Dty T, 3313 D rrie Tatuiorn
Timk 11 Cmarding

Basic Counting Principles

Generalized sum ruls:

If wa have tasks T, T, ..., T, that can be done in
Mys Mgy <oy My WEYS, respeciively, and no two of these
asks can be done at the same lirme, then there are
Ny + g+ ... + 0, Ways 1o do one of these tasks.

121212

g |
el B R i i o L e e i
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Basic Counting Principles
The product rule:

Suppose that a procedure can be broken down into
two successive tasks. If there are n, ways to do the
first task and n, ways to do the secand task after the
first task has been done, then there are nyn, ways to
do the precaedurs.

Generalized product rule:
If we have a procedure consisting of sequential

T, T, T hat Can berdone inny, ny, .7

ways, respectively, then there are n, - MNyr .. Ny 2
ways D camy out the procedure;

Darsalos 3_ 25673 Doty Triruamrm L]
Wik 11 {imemiorg

Basic Counting Principles

Exampla:

How many differant i
Wow e . Emﬂﬂmﬂ._nﬁ__,ﬂ mm_w. there that

Solution:
There are 26 possibilities to pick the first letter, then

26 possibilities for the secand
e gy one, and 25 for the

| —~Sothereara <526 206.5 17576 different ficensa |

plates,

Lremsmsba 0, 703 e | i

Lk U7 TRy

Basic Counting Principles

The sum and product rules can also be phrased in
terms of sat theory.

Sum rule: Let A, A, ..., A, be disjoint sets. Then
the number of ways to cheose any element from one
of hese sels is [A, WA U .. VA, | =

1Al #+ JAg] + .. + Ayl

Product rule: Let A,, A, ..., A, be finile sets. Then
the number of ways to choose ong element from
each set in the order A,, As, ..., A, s

Ay 2 Agx % Ay [ = 1A - AL - oo - AL

Thmareviiorr 1 M1 sl gmnpuiry
Wi, 1) Caaaing

Inclusion-Exclusion

How many bil strings of length 8 either start witha 1 or
end with 007

Task 1: Construct a string of length 8 that starts with a
1

There is one way o pick the first bit (1),
two ways to pick the second bit (0 er 1),
bwo ways to pick the third bit (0 or 1),

two ways to pick the sighth bit (0 or 1),
Product rule: Task 1 can be done in 1-27 = 128 ways.

Dby W Vi Ty i

ik, 41 Cnws g

er
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Inclusion-Exclusion

Task 2: Construct a string of length 8 that ends with
00.

There are two ways to pick the first bit (0 or 1),
twa ways to pick the second bit (0 or 1),

two ways to pick the sixth bit (0 or 1),
ene way to pick the seventh bit {0), and
one way to pick the eighth bit (0).

~Productrule: Task 2 can-be-done-in-26= 64 ways-—

L ] DTz Sinmiun. ]

Sk 17, Copming

Inclusion-Exclusion

I we want to usa the sum rule in such a case, we
have o subtract the cases when Tasks 1 and 2 are
done at the same time,

vﬁznﬁéﬂwﬂﬂnﬁﬂm.ﬁim# how many strings
start with 1 and end with 007

.m._.i..mmw...u:m:.ﬂw_._ﬁnmnr the first bit (1),
two ways for the second, ..., sixth bit {0 ar 1),
one way for the seventh, eighth bit ().

__En:nﬁnmﬂ_aunumunuamm. Tasks 1 and 2 are

camied out 2t the same time.
Denomiuer 3, S0 Ty BarmZeies L
Wk T Csalaig

Inclusion-Exclusion

Since there are 128 ways to do Task 1 and 64 ways o
do Task 2, does this mean that there are 192 bit
strings either starting with 1 or ending with 0 7

Mo, because here Task 1 and Task 2 can be done at
the same time.

When we earry out Task 1 and create strings starting
with 1, some of these skings end with 00,

. .4:Emmnﬁ.|sﬁ.muﬂmmamm.mu#ﬁxid:nmﬂgi| :

same time, o the sum rule does not apply.

Poccmty 3, Tl DHicrori, {hpcnmrey
Weck I Coussting

Inclusion-Exclusion

Since there are 128 ways to complete Task 1 and 54
ways o complete Task 2, and in 22 of these cases
Tasks 1 and 2 are completed at the same time, there
arg

128+64-32 = 180 ways to do either task.
In set theary, this coresponds to sets A, and A, that

are not disjoint. Then we have:
1A w Ayl = A + gl = A A

This is called the principle of inclusion-exclusion.

Drmsday 1, 31 Cresad fisg parm o

ki 15 G g

LA sral ___
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Tree Diagrams

How many bit sirings of length four do not have two
consecutive 157

Task 1 Task 2 Task 3 Task 4
(1= bit) (2™ bit) (3 bit) (4™ bit)
[}

The Pigeonhole Principle

The generalized pigeonhols principle: If N objects
are placed into k boxes, then there is at least one box
containing at least [ N/k | of the objects,

Exampile 1: In a 60-student class, at least 12 students
will get the same letier grade (A, B, C, D, or F) -

Example 2: In a 61-student class, at least 13 students
will get the same lelter grade,

Caasdes 1, i Bhviscradl Sraram 1

e ————

The Pigeonhole Principle

The _..._.E_m_n_..____,n_n principle: If (k + 1) or more objects
are u__m__.umn nte k boxes, then thera is at least one box
containing bwo or more of the objects.

Example 1: If there are 11 Players in a spocer leam
that wina 12-0, there must be a1 jlagst one player in the
team who scored at least twica,

Example 2: If you have § classes from Monday to

Friday, there must be ai least one day an which you

have at least two classes,

[T B RS Eamrrrag Tl e [[]

Pk, 1) Commiag

The Pigeonhole Principle

Example 3: Assume you have a drawer containing a
random distribution of a dozen brown socks and 2
dozen black socks. It is dark, so how many socks do
you have to pick to be sure that amang them there is .
a malching pair?

There are bavo types of socks, so if you pick at lzast 3
socks, Ihere must be either at least two brown socks
or at least two black socks.

Generalized pigeonhole princpla: [3R]=2.

Devcamda 1, 913 Do Sy, L1
Wiml 11 Urasny

r
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